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1. Introduction

Efficiency is one of the most important issues in statistics and econometrics. In the widely used GMM framework, it is
standard practice to employ a two-step procedure to improve the efficiency of the GMM estimator and the power of the
associated tests. The two-step procedure entails estimation of a weighting matrix. According to Hansen (1982), the inverse
of the optimal weighting matrix is the asymptotic variance of the (scaled) sample moment conditions. For time-series data,
which is our focus here, the inverse of the optimal weighting matrix is usually referred to as the long-run variance (LRV) of
the moment conditions. To be completely general, we often estimate the LRV using the nonparametric kernel method.

Under the conventional asymptotics, both the one-step and two-step GMM estimators are asymptotically normal.’ In
general, the two-step GMM estimator has a smaller asymptotic variance. Statistical tests based on the two-step estimator
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are also asymptotically more powerful than those based on the one-step estimator. A driving force behind these results is
that the two-step estimator and the associated tests have the same asymptotic properties as the corresponding ones when
the optimal weighting matrix is known. However, given that the optimal weighting matrix is estimated nonparametrically
in the time-series setting, there is a large estimation uncertainty. Good approximations to the distributions of the two-step
estimator and the associated tests should reflect this relatively high estimation uncertainty.

One of the goals of this paper is to compare the asymptotic properties of the one-step and two-step procedures when the
estimation uncertainty in the weighting matrix is accounted for. To this end, we consider a limiting thought experiment in
which the amount of nonparametric smoothing is held fixed as the sample size increases. This leads to the so-called fixed-
smoothing asymptotics, which retains the estimation uncertainty in the LRV estimator or the weighting matrix estimator.

We use the fixed-smoothing asymptotics to compare the one-step and two-step procedures. For the one-step procedure,
the LRV estimator is used in computing the standard errors, leading to the popular heteroskedasticity and autocorrelation
robust (HAR) standard errors; see, for example, Newey and West (1987) and Andrews (1991). For the two-step procedure,
the LRV estimator not only appears in the standard error estimation but also plays the role of the optimal weighting matrix
in the second-step GMM criterion function. Under the fixed-smoothing asymptotics, the weighting matrix converges to a
random matrix. As a result, the second-step GMM estimator is not asymptotically normal but rather asymptotically mixed
normal. The asymptotic mixed normality reflects the estimation uncertainty of the GMM weighting matrix and is expected to
be closer to the finite-sample distribution of the second-step GMM estimator. In a recent paper, Sun (2014b) shows that both
the one-step and two-step test statistics are asymptotically pivotal under the new asymptotics. Thus a nuisance-parameter-
free comparison of the one-step and two-step tests is possible.

Comparing the one-step and two-step procedures under the new asymptotics is fundamentally different from comparing
them under the conventional asymptotics. Under the new asymptotics, the two-step procedure outperforms the one-
step procedure only when the benefit of using the optimal weighting matrix outweighs the cost of estimating it. The
theoretical results in this paper suggest that we should go the extra step —and employ the two-step estimator and test
-only when the long-run canonical correlations between two blocks of transformed moment conditions are larger than the
thresholds established in this paper. The transformed moment conditions are obtained by rotating and standardizing the
original moment conditions. The necessity of rotation and standardization makes it delicate and challenging to compare the
performances of the one-step and two-step procedures in a general GMM framework.

To confront this challenge, we transform a general GMM model into a simple overidentified location model. For the
latter model, the first block of data identifies the unknown location parameter, and the second block consists of auxiliary
information that can be utilized to reduce the long-run variability of the first block of data and hence improve the efficiency of
the location estimator. The simple location model enables us to derive a clear qualitative result: We should employ the two-
step GMM procedure only when there is a sufficiently large long-run correlation between two blocks of moment conditions.
The threshold for the asymptotic variance comparison is different from that for the local asymptotic power comparison. Our
theory fully characterizes the threshold for each criterion under consideration.

The theory developed in this paper is in sharp contrast to the conventional asymptotic theory where the cost of estimating
the optimal weighting matrix is completely ignored. Since the new asymptotic approximation is more accurate than the
conventional asymptotic approximation, comparing the two procedures under this new asymptotics will give a more honest
assessment of their relative merits. This is confirmed by a Monte Carlo study.

It is important to point out that the fixed-smoothing asymptotics does not capture the finite-sample bias of the LRV
estimator. This is a drawback of this type of asymptotics. For this reason, our asymptotic results may not reflect finite-
sample situations very well when there is over-smoothing and hence the bias of the LRV estimator may not be small. While
the conventional asymptotics ignores both the bias effect and the variance effect of the LRV estimator, the fixed-smoothing
asymptotics accounts for one of the two effects, that is, the variance effect, and hence is a step in the right direction. A
higher-order conventional asymptotic theory, which is beyond the scope of this paper, may help shed light on both effects.

There is a large and growing literature on the fixed-smoothing asymptotics. For kernel LRV estimators, the fixed-
smoothing asymptotics is the so-called the fixed-b asymptotics, which was first studied by Kiefer et al. (2002) and Kiefer
and Vogelsang (2002a, b, 2005) in the econometrics literature. For other studies, see, for example, Jansson (2004), Sun et
al. (2008), Sun and Phillips (2009), Gongalves and Vogelsang (2011), Zhang and Shao (2013), Zhang (2016) and Lazarus et
al. (2016) in the time-series setting; Bester et al. (2016) in the spatial setting; and Gongalves (2011), Kim and Sun (2013),
and Vogelsang (2012) in the panel-data setting. In the nonparametric settings, Kim et al. (2017) and Chen et al. (2014)
have considered the fixed-smoothing asymptotics for kernel methods and sieve methods, respectively. The approximation
approaches in some other papers can also be regarded as special cases of the fixed-smoothing asymptotics. This includes,
among others, Ibragimov and Miiller (2010), Shao (2010), and Bester et al. (2011). The fixed-smoothing asymptotics can
be regarded as a convenient device for obtaining some higher-order terms under the conventional increasing-smoothing
asymptotics.

While all these papers except Sun (2014b) consider one-step statistical inference procedures in exactly identified models,
this paper and Sun (2014b) are the first to consider the fixed-smoothing asymptotics in a possibly overidentified two-step
GMM framework that fully accounts for the estimation uncertainty in the LRV estimator. The difference between Sun (2014b)
and this paper is that Sun (2014b) establishes the fixed-smoothing asymptotic theory, while this paper uses the theory to
compare the one-step and two-step procedures. Both point estimation and hypothesis testing are considered. While all the
papers in the literature use the fixed-smoothing asymptotics to improve the approximation quality of a given procedure,
this paper is the first to use this type of asymptotics to compare the performances of different procedures.
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The rest of the paper is organized as follows. The next section presents a simple overidentified GMM framework. Section 3
compares the one-step and two-step procedures from the perspective of point estimation and hypothesis testing. Section 4
extends the ideas and results to a general GMM framework. Section 5 presents simulation evidence. On the basis of the
theoretical results and the simulation evidence, Section 6 provides some practical guidance. The last section concludes.
Proofs are provided in Appendix A. An online supplementary appendix (Appendix B) contains additional theoretical and
simulation results and proofs.

A word on notation: For a symmetric matrix A, A/2 (or Ay ;) is a matrix square root of A such that A/ (Al/z), = A. Note
that A/2 does not have to be symmetric. We will specify A/? explicitly when it is not symmetric. If not specified, A/? is
a symmetric matrix square root of A based on its eigen-decomposition. For matrices A, B, we use “A > B” to signify that
A — Bis positive (semi)definite. We use “0” and “0” interchangeably to denote a matrix of zeros whose dimension may differ
from one occurrence in the paper to another. For two random variables X, Y, we use X L Y to indicate that X and Y are
independent. For a matrix A, we use v (A) , vmin (A) , and vmax (A) to denote the set of all singular values, the smallest singular
value, and the largest singular value of A, respectively. For an estimator 6, we use avar (¢) to denote the asymptotic variance
of the limiting distribution of ~/T(6 — plim;_, .6), where T is the sample size. Lastly, X§ (Az) is the noncentral chi-square
distribution with noncentrality parameter A2.

2. Simple overidentified GMM framework

To illustrate the basic ideas of this paper, we consider a simple overidentified time-series model of the form

Yie = 6o + e, yie € RY,

Yoo = Uz, Yo € R (1)
fort = 1,..., T, where 6, € R is the parameter of interest and the vector process u; = (u},, uy,) is stationary and has
mean 0. The long-run variance §2 of u; is

- 24 2
_ _ o 11 12

2 = Irvar(u,) = Z Euu,_; = (921 sz) , (2)

j=—00

where 217 is a d x d matrix and £2;; is a ¢ x g matrix. We allow u, to have autocorrelation of unknown forms so that the
long-run variance §2 can take a general form. However, for simplicity, we assume for now that var(u;) = azld+q.2 The model
considered in this section is just a location model. We initially consider a general GMM framework but later find that our
points can be made more clearly in reference to the simple location model. From the asymptotic point of view, we show
later that a general GMM framework can be reduced to the above simple location model. The proofs for the general GMM
case are also built upon those for the location model. Therefore, we use the location model not only to illustrate the basic
ideas but also to establish a technical foundation for the general GMM framework.
If the location model is embedded in a GMM framework, the moment conditions are

E(y:) — (65.0;) =0,

where 0, is the g x 1 vector of zeros and y. = (¥}, y5,) . Let

T T !
1 1
g@)=(—=) 0u—-0,—=) vu]-
VT ; VT ; *
Then a GMM estimator of 6y can be defined as
Bena = argmingr(6) Wy g1 (6)

for some positive-definite weighting matrix Wr. Writing W1, and W5, as submatrices of Wy in a way similar to (2), it is easy
to show that

T
~ 1 B
QGMM = ? Z V1e — Bwyae) for By = W12W221.
t=1

2
ViV
var (u) = (V; VZ) # 0% lasq,

for any o2 > 0, we can let

Vi = (Vi)' Vip(Vy) 2
! 0 W) )

where Vi, = Vi — \\/12V2‘2’ V21. Then Vl‘/’z (y’“ s y’Zt)/ can be written as a location model whose error variance is the identity matrix Iq;4. The estimation
uncertainty in estimating V will not affect our asymptotic results.
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There are at least two different choices of Wr. First, we can take Wr to be the identity matrix I, form = d +¢. In this case,
,BW = 0, and the GMM estimator GGMM, which is now written as 61, is simply a sample mean of the first block of data, that is,

O, =T~ 12[:1y1t. Second, we can take Wr to be the “optimal” weighting matrix £2. With this choice, we obtain the second
GMM estimator, which is now written as 6, = T*]ZIT 1 W1e — Boyar) , where By = 912.{222 is the long-run regression
coefficient matrix. While 6, completely ignores the information in {y-.} , 6, takes advantage of this source of information.

Under some moment and mixing conditions, we have
VT — 0p) > N0, 211) and V/T(, — 6) > N (0, 212) , (3)

where 21, = 211 —912522’21 $251. Thus avar(f,) < avar(él )unless 21, = 0.This is a well-known result in the literature. Since
we do not know £2 in practice, 6, is infeasible. However, given the feasible estimator 6, we can estimate £2 and construct a
feasible version of 6,. The common two-step estimation strategy proceeds as follows.

(i) Estimate the long-run covariance matrix £2 by

T-1

A A i\ -
9:=Q(u)=_ > k<§>1;, (4)
j=—(T-1)
where
T]Z[ut T Zu,][u” T Zu,] forj > 0,
e
Z[u“ﬂ T Zur][ut T™ Zut] forj <0
t=j+1

and fi, = (¥, — 6}, ¥}, ). Here S is the so-called truncation lag parameter, and k(-) is a kernel function.
(ii) Obtain the feasible two-step estimator 92 =T 1Zt 1 — ,Bth) where ,8 = .(212.(222 , and .(212 and .sz are the
submatrices of £2 that correspond to the partition in (2).

The LRV estimator £2 in (4) is the classical kernel-type heteroskedasticity-autocorrelation-consistent estimator; see, for
example, Newey and West (1987) and Andrews (1991). Letting

s—t . St 1
Qh(s,t)_k<T) w1thb_?andh_g,

we can rewrite the kernel LRV estimator in a quadratic form:

oo EEG e 1) o 1)

s=1 t=1

~u—~

With a different parametrization of the smoothing parameter, such a representation has the advantage of including other
commonly used LRV estimators, for example, the orthogonal series estimators of Phillips (2005), Miiller (2007), and Sun
(2013, 2014b). In this paper, we focus on kernel LRV estimators and leave the extension to other types of LRV estimators to
the working paper Hwang and Sun (2015).

While 8, is asymptotlcally more efficient than 01, is 02 necessarlly more efficient than 01 and in what sense? Is the Wald
test based on 92 necessarily more powerful than that based on 017 One of the objectives of this paper is to address these
questions.

3. Atale of two asymptotics
3.1. Point estimation

We first consider the conventional increasing-smoothing asymptotics where h — oo as T —> oo but at a slower rate,
thatis, h/T — 0. Under this type of asymptotics and some regularity conditions, we have 2 % 2.1t can then be shown
that 92 is asymptotically equ1valent to 6, that is, v/T(f, — 92) = 0p (1). As a direct consequence, the limiting distribution
of the feasible estimator 92 is identical to that of the infeasible estimator 6, in (Eq. (3)), and 492 is still asymptotically more
efficient than 01

The conventional asymptotics, elegant and convenient though it may be, does not reflect the finite-sample situations
well. Under this type of asymptotics, we essentially approximate the distribution of 2 by the degenerate distribution
concentrating on £2. That is, we completely ignore the estimation uncertainty in §2. The degenerate approximation is too
optimistic, as £2 is a nonparametric estimator, which by definition can have high variation in finite samples.
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To obtain a more accurate distributional approximation of ~/T(f; — 6p), we could develop a higher-order increasing-
smoothing asymptotics that reflects the estimation uncertainty in 2. This is possible but requires strong assumptions that
cannot easily be verified. In addition, it is technically challenging and tedious to rigorously justify the use of a higher-order
asymptotic theory. Instead of a higher-order asymptotic theory under the conventional asymptotics, we adopt the fixed-
smoothing asymptotics where h is held fixed (at a positive value) as T — oo. This type of asymptotics takes the sampling
variability of £2 into consideration.

To establish the fixed-smoothing asymptotics, we maintain Assumption 1 on the kernel function.

Assumption 1. Forany b € (0, 1], the scaled kernel function k;, (x) = k (x/b) is symmetric, continuous, piecewise monotonic,
and piecewise continuously differentiable on [—1, 1].

Assumption 1is the same as Assumption 1(a) in Sun (2014b). This assumption is very mild. It allows for many commonly
used kernel functions such as the Bartlett kernel, the Parzen kernel, and the quadratic spectral (QS) kernel.
Following Sun (2014b, p. 2333), we define

1 1 1 1
Q. s) = Qu(r, ) — / (. s)de — f Qulr, 7)dr + / / Qu(m1, ©2)dmdos,
0 0 0 0

and the corresponding LRV estimator

Assumption 1 ensures that £ and Q are asymptotically equivalent; see Lemma 1 in Sun (2014b). Furthermore, under this
assumption, Sun (2014a) shows that Q;(r, s) can be represented as

Qi(r.s) =Y Mdi(r)®i(s), (6)
j=1

where {®;(r)} is a sequence of continuously differentiable functions satisfying fol @j(r)dr = 0, and the series on the right-
hand side of (6) converges to Q;(r, s) absolutely and uniformly over (r, s) € [0, 1] x [0, 1].

Now letting ®@q(-) := 1 and using the basis functions {<b,(~)}j°§1 in the series representation of the weighting function, we
make the following assumptions.

Assumption 2. > °

® S lEueu;_)| < oo.
Assumption 3. AsT — oo, T*VZZ[TﬂQDj(t/T)ut converges weakly to a continuous distribution, jointlyoverj € 0, 1, ..., ],
for every fixed J, such that for every x € R™,

1 — 1 —
P (ﬁgcb,-(;)ut sx) —p (fzmﬁ;@(;)et §X) +o(1)

where £21, is a matrix square root of the nonsingular LRV matrix £2 and e; ~ iid N(0, I5).

Assumption 2 is the same as Assumption 3 in Sun (2014b). Assumption 3 is a multivariate central limit theorem (CLT); it
is the same as Assumption 5 in Sun (2014b). Under Assumption 1, Assumption 3 follows from the functional central Limit
theorem (FCLT) for the partial-sum process of u;:

T.
1[]

T 5 2128 (). ™)
t=1

where By, (-) = (Bj(-), B:](-))’ is an m-dimensional standard Brownian motion. We note that the above FCLT is often assumed
in the literature on the fixed-smoothing asymptotics, and it implicitly assumes that the unconditional variance of {u,}
does not change over time. See, for example, Kiefer and Vogelsang (2002a, b, 2005) and Sun et al. (2008). If the variance
of {u;} evolves over time, then the fixed-smoothing asymptotic distributions will not be pivotal in general, whereas the
conventional increasing-smoothing asymptotic distributions can still be pivotal under some conditions; see Xu (2012) for
further discussion of this. OQur paper does not cover the case with unconditional heteroskedasticity.

Proposition 1. Let Assumptions 1-3 hold. Then as T — oo for a fixed h > 0, we have:



386 J. Hwang, Y. Sun / Journal of Econometrics 207 (2018) 381-405

(a) Q 4 200, Where

= [ R2c011 200,12
00 = 1282008215 = (.Q: 21 Qz n)’

Qoo = /1 /.] Qi (r, $)dBm(r)dBpy(s) = (Cdd qu>'
[eS) 0 0 ’ qu qu

(b) ﬁ(éz — 6o) 4 (Id, —/300) §212Bm,where Bo, = Bo(h, d, q) == 900,1290_0322 is independent of the standard normal
vector By, := B, (1).

The proof of Proposition 1 follows directly from Lemma 1 of Sun (2014b) and the continuous mapping theorem.
Conditional on B, the asymptotic distribution of /T(6, — 6) is a normal distribution with variance

2 2 I
Vo= (lo, —P) (Q; Sﬁ) (j P ) = Q11 — 20l — P21 + B2l

[e¢]

Given that V, is random, +/T| (92 — 6p) is asymptotically mixed normal rather than normal. Asymptotic mixed normality in a
general GMM framework was first established in Sun (2014b). Since

avar(éz) — avar(éz) = EV2 — (911 — 9129231921)
= E (212923 221 — 2028l — BooS221 + Poo 2225
= E(Bo — Boo)222(Bo — B) = 0

the feasible estimator 02 has higher variation than the infeasible estimator 6. This is consistent with our intuition. The
difference avar(@z) — avar(f,) can be regarded as the cost of implementing the two-step estimator, that is, the cost of having
to estimate the weighting matrix.

Under the fixed-smoothing asymptotics, we still have VT (é1 —6) —d> N(O, £211),as é1 does not depend on the smoothing
parameter h. Therefore,

avar(6;) — avar(fy) == 211 — (2n - 91292}1921) = 212925, 221 > 0,

which can be regarded as the benefit of going to the second step.
To compare the asymptotic variances of v/T(6; — 6p) and ~/T(8, — 6,), we need to evaluate the relative magnitudes of
the cost and the benefit. Define

Boo = Boo (h, d, q) = CaqCyf, (8)

which does not depend on any nuisance parameter but rather on h, d, and g. For notational economy, we sometimes suppress
this dependence. Direct calculations show that B, and B are related via

Boo = 215 Boo2) " + 20225 9)
Using this, we have

avar(f,) — avar(6;) = avar(f,) — avar(6,) — [avar(§;) — avar(6,)]

cost benefit

25 EBoBio($215) — 2128235 201 (10)
If the cost is larger than the benefit, that is, .QI/ZE,BOO/S (2 1/2) > 21 [22’21 £251, then the asymptotic variance of éz is larger
than that of 6;. In the online appendix, we show that
avar(f) — avar(fy) = (1+ EllB (h, 1,9) 115241 [2(h, @)la — pp'] (2117, (11)
where

E||Boo(h. 1, q)I1?
glh,q) = = - €(0.1)
1+ E|lBo(h, 1, @)l
and p = .Q;ll/ 2912(22?/ 2 is the long-run correlation matrix between uy; and uy.. The proposition below then follows
immediately.

Proposition 2. Let Assumptions 1-3 hold, and consider the fixed-smoothing asymptotics.
(@) If vmax (pp ) < g(h, q), then 92 has a larger asymptotic variance than 91

(b) If vmin (p,o/) > g(h, q), then 6, has a smaller asymptotic variance than 0;.
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To compute the eigenvalues of pp’, we can use the fact that v (0p’) = v (212825,' 2212};") . The eigenvalues of pp’
are the squared long-run correlation coefficients between cjuy; and cjuy; for some c; and c;, that is, the squared long-run
canonical correlation coefficients between uy; and u,,. Therefore, the conditions in Proposition 2 can be presented in terms
of the smallest and largest squared long-run canonical correlation coefficients. .

If p = 0, then v (pp’) < g(h, q) holds trivially. In this case, the asymptotic variance of 6, is larger than the asymptotic
variance of 0;. Intuitively, when the long-run correlation is zero, there is no information that can be exploited to improve
the efficiency. If we insist on using the long-run correlation matrix in an attempt to improve the efficiency, we may end up
with a less efficient estimator because of the noise in estimating the zero long-run correlation matrix. On the other hand,
if pp’ = I after some possible rotation, which holds when the long-run variation of uy, is perfectly predicted by uy,, then
vmin (p0') = 1and we have vy (00') > g(h, q). In this case, it is worthwhile to estimate the long-run variance and use it
to improve the efficiency éz.

The conditions vmin (00') > g(h, q) and vmax (pp’) < g(h, q) in Proposition 2 may appear to be strong. However, the
conclusions are also very strong. For example, to say that 6, has a smaller asymptotic variance than 6; means that avar(Rf,) <
avar(R6;) for any matrix R € RP*¢ and all p with 1 < p < d. In fact, the conditions are both necessary and sufficient. If we
care about only a specific linear combination of 8y, we can use Proposition 2 (and Theorem 7) to evaluate the efficiency of
the one-step estimator of the linear combination relative to that of the two-step estimator.

3.2. Hypothesis testing

We are interested in testing the null hypothesis Hy : 6, = r against the local alternative H; : 8y = r + 8o/~/T for some
d x 1vectors r and 8y. Nonlinear restrictions can be converted to linear restrictions using the Delta method. We construct
the following two Wald statistics:

Wy = T(6; — 1) $25,' (61 — 1),
Wy = T(6, — 1) $273(6, — 1),

where f21.2 = on — flefZZ_zl f221. Regardless of whether the test is based on 91 or éz, we have to employ the long-run
covariance estimator £2.

Under the conventional increasing-smoothing asymptotics, it is straightforward to show that under H; : 8y = r+8p/ VT
we have

d ;o d _
Wi — x2(86521,'80) and Wy — xZ(85527,80)-

When 8§ = 0, we obtain the null distributions W;, W, —d> Xj. Thus under the conventional increasing-smoothing
asymptotics, the null limiting distributions of W, and W are identical. Since 8,2;;'80 < 8,2, 80, under the conventional
asymptotics the local asymptotic power function of the test based on W, is higher than that based on W;.

The key driving force behind the conventional asymptotics is that we approximate the distribution of §2 by the degenerate
distribution concentrating on §2. The degenerate approximation does not reflect the finite-sample distribution well. As in the
previous subsection, we employ the fixed-smoothing asymptotics to derive more accurate distributional approximations.
To simplify the notation, we introduce Dyg := Cgqg — quCq‘;C‘;d. Also, we define By := By(1) and By := By(1).

Proposition 3. Let Assumptions 1-3 hold. Then as T — oo for a fixed h, we have the following under H, : 6y = r + SO/ﬁ:

(@) Wy > Wino (112,260 12), where

Wiso(IE11?) = [Bg + £]'Cyy' [Bg + &] for & € R™. (12)

d _
(b) Wy 5> Waoo(11£215/%8011%), where

Wano(lI€1%) = [Ba — BooBq + &] Dy [Ba — BooBy + &] for & € RY. (13)
When §p = 0, we obtain the limiting distributions of W; and W, under the null hypothesis:

d ;o
Wi — Wieo 1= Wiao(0) = B,Cyy' Ba,
d ~ o ~
Wy — Waoo = Waoo(0) = [Ba — BocBq]| Dy [Ba — BooBy] -

These distributions are different from those under the conventional asymptotics. For W1, the difference lies in the random
scaling factor Cyqq. The random scaling factor captures the estimation uncertainty of the LRV estimator. For W, there is an
additional difference embodied by the random location shift S..B; = C4qCyy'Bq With a consequent change in the random
scaling factor.

The proposition below provides a characterization of the limiting distributions W, and W.
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Proposition 4. For any x > 0, the following hold:
(a) Wy first-order stochastically dominates W1, in that

P[WZOOZX]>P[W100 ZX]-

(b) P [Wioo(lI€11?) > x] is strictly increases in [|€ ||* and limyg)—ooP [Wiso(I16]1%) = ] = 1.
() P [Waeo(I6117) = x] is strictly increases in ||& 1> and limyg - ooP [Waso([11°) > x] = 1.

Proposition 4(a) is intuitive. Since Boqu is an independent additive component, W, first-order stochastically dominates
B,D;,'By. Observing that D} > Cj,;' almost surely, we know that B,Dj;' By first-order stochastically dominates B}Cy,'By,
which is just W1.. By the transitivity of first-order stochastic dominance, W, first-order stochastically dominates W1..

By a property of the first-order stochastic dominance, we have

d
Wio = Wieo + We

for some W, > 0. Intuitively, W, shifts some of the probability mass of W1, to the right. A direct implication of this is
that the asymptotic critical values for W, are larger than the corresponding ones for W;. The difference in critical values has
implications for the power properties of the two tests.

Let Wi and W¢__ be the (1 — «) quantiles from the distributions Wy, and W, respectively. The local asymptotic
power functions of the two tests are

T(821'00) = 71(85 25, 00: h. ., @) = P [Waa (12, B0l12) > WS, |
T8 21380) = 7821300 b, . 4, o0) = P [ Waoel 1273780 ]12) > W |

While 8,02, 80 > 8,2;;'80, we also have W > W% . The difference in the noncentrality parameters 8,2, 80 — 8,2;;'0
indicates the benefit of using the two-step test, while the difference in the critical values W5_ —W¢__ indicates the associated
cost. The effects of the critical values and the noncentrality parameters move in opposite directions. It is not straightforward
to compare the two power functions. However, Proposition 4 suggests that if the difference in the noncentrality parameters
84527280 — 8,527, 80 is large enough to offset the increase in the critical values, then the two-step test based on W, will be
more powerful.
Note that
8021380 = (27,780 (1a — pp') (821, 0).

On the one hand, when the second block of moment conditions has very high long-run prediction power for the first block,
we have vnin (p,o/) — 1, and as a result 86.(2;21 89 — oo. In this case, we expect the test based on W, to be more powerful,
as limvmin(pp/)_,lnz(s(’)ﬂ;z] d9) = 1. On the other hand, when vy, (pp’) = 0, that is, p is a matrix of zeros, we have

84527380 = 8,521,"80. In this case, we expect the test based on W, to be less powerful.
It follows from parts (b) and (c) of Proposition 4 that for every A > 0, there exists a unique 7 (A) := t (A; h, d, q, @) such
that

T (A) =m (A/7).
As a function of A, 7 (1) is defined implicitly via the above equation. Then 712(869[2]80) < nl(ag)sz;l]ao) if and only if
80827580 < T - 8482;;'80. Using

80527580 — T - 8082110

— —1 —
= (25,%80)[(la — pp) " = Tlal(£25;"*80)
n—1/2 - / / nN—1/2 -

=l(la— pp) 225,801 00" = F ) - L] [l — p') ™ 25,501,
where f (-) is defined according to
T(Ahdga)—1

(A h,d, q, )

we can prove the proposition below.

f@)=f;hdqa)=

)

Proposition 5. Let Assumptions 1-3 hold. Define
A (ko) = {8 : 8'$2,)8 = Ao} for some Ao > 0.

Consider the local alternative Hy (Ag) : 6g =1 + 8o/ JT for 8y € A (Ao) and the fixed-smoothing asymptotics.

(a) If vmax (pp’) < f(Xo; h, p, q, @), then the two-step test based on W, has a lower local asymptotic power than the one-step
test based on W1 for any 8¢ € 21 (Ao) .

(b) If vimin (,op/) > f(X\o; h, p, q, @), then the two-step test based on W has a higher local asymptotic power than the one-step
test based on W1 for any 8¢ € 2 (Ag) .
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Table 1
Threshold values g(b, q) for asymptotic variance comparison with the
Bartlett kernel.

b g=1 q=2 qg=3 q=4 qg=>5
0.010 0.007 0.014 0.020 0.027 0.033
0.050 0.034 0.066 0.098 0.128 0.157
0.070 0.047 0.092 0.135 0.175 0.211
0.100 0.068 0.129 0.186 0.238 0.282
0.150 0.101 0.186 0.260 0.321 0.371
0.200 0.130 0.235 0.316 0.380 0.425

1/b indicates the level of smoothing, and q is the degree of overidentification.
If the largest (smallest) squared long-run canonical correlation between the
two blocks of (rotated and transformed) moment conditions is less (greater)
than g(b, q), then the two-step estimator 6, is asymptotically less (more) ef-
ficient than the one-step estimator 6;.

Table 2
Threshold values f(X; b, d, g, «) for power comparison with the Bartlett kernel when « = 0.05 and b = 0.08, 0.16, 0.24, 0.32.
d=1 d=2 d=3
b A qg=1 q=2 qg=3 g=1 q=2 q=3 g=1 q=2 q=3
1.000 0.038 0.100 0.193 0.047 0.140 0.132 0.113 0.112 0.083
0.08 9.000 0.020 0.102 0.164 0.082 0.163 0.180 0.094 0.126 0.134
17.000 0.046 0.102 0.160 0.081 0.146 0.161 0.089 0.113 0.142
25.000 0.044 0.104 0.155 0.065 0.125 0.188 0.091 0.134 0.163
1.000 0.070 0.178 0.238 0213 0.269 0.306 0.165 0.143 0.076
0.16 9.000 0.070 0.169 0.248 0.131 0.208 0.261 0.125 0.153 0.170
17.000 0.081 0.181 0.246 0.127 0.215 0.274 0.135 0.171 0.197
25.000 0.083 0.196 0.272 0.124 0.220 0.283 0.135 0.184 0.212
1.000 0.152 0.272 0.321 0.148 0.282 0.342 0.205 0.320 0.127
0.24 9.000 0.115 0.236 0.302 0.131 0.222 0.259 0.104 0.196 0.145
17.000 0.122 0.245 0.307 0.128 0.243 0.290 0.106 0.188 0.162
25.000 0.151 0.268 0.328 0.137 0.245 0.296 0.118 0.194 0.165
1.000 0.149 0.226 0.349 0.121 0.217 0.285 0.132 0.171 0.094
0.32 9.000 0.124 0.236 0.291 0.131 0.197 0.234 0.111 0.153 0.123
17.000 0.133 0.253 0.306 0.147 0.216 0.255 0.095 0.145 0.113
25.000 0.160 0.265 0.318 0.141 0.228 0.268 0.102 0.144 0.130

Notes: If the largest (smallest) squared long-run canonical correlation between the two blocks of (rotated and transformed) moment conditions is smaller
(greater) than f (A; b, d, q, «), then the two-step test is asymptotically less (more) powerful.

As in the case of the variance comparison, the conditions on the canonical correlation coefficients in Proposition 5 are
both necessary and sufficient. They may appear to be strong, but the conclusions are equally strong—the power comparison
results hold regardless of the direction of the local departure. If we have a particular direction in mind so that 8y is fixed,
then we can evaluate §,2,, 80 — T - 8,£2;;'8o directly for the given 8. If 8,$2; 180 — 7 - 8,$21;' 0 is positive (negative), then
the two-step test has a higher (lower) local asymptotic power along that direction.

Proposition 5 goes hand in hand with Proposition 2. The conclusions of these two propositions are qualitatively the same:
When the long-run correlation is sufficiently high, we should estimate and exploit it to reduce the variation of the point
estimator and improve the power of the associated tests. However, the thresholds are quantitatively different. The two
propositions fully characterize the threshold for each criterion under consideration.

3.3. Threshold values

In general, it is not easy to obtain analytical expressions for the threshold functions g(h, q) and f(A; h, d, q, ), but we
can easily simulate them.

Table 1 reports the values of g(b, q) for some empirically relevant values of b = 0.010-0.20 and ¢ = 1-5 when the
Bartlett kernel is used.® The table shows that the values of g(b, q) are nontrivial in that they are close to neither 0 nor 1. It is
clear that g(b, q) is increasing in q and decreasing in the smoothing parameter h = 1/b with b = St /T. Results presented in
the online supplementary appendix show that the same observations apply to the Parzen and QS kernels.

Table 2 reports the values of f(A; b, d, q, &) for A = 1-25; b = 0.08, 0.16, 0.24, 0.32; and d, ¢ = 1-3 when the Bartlett
kernel is used. These values are also nontrivial in that they are not close to either of the boundary values 0, 1. As with g (b, q),
we find that the threshold value increases as the degree of overidentification increases, and that it decreases as the smoothing
parameter h = 1/b increases.

3 With some abuse of notation, we use g(h, q) and g(b, q) interchangeably with the understanding that g(b, q) is equal to g(h, q) for h = 1/b. Similarly,
f(x;b,d, q, ) isequal to f(X; h,d, q, ) forh = 1/b.
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4. General overidentified GMM framework

In this section, we consider the general GMM framework. The parameter of interestis ad x 1vector € @ C RY. Let
v, € R% denote the vector of observations at time t. We assume that the true value 6 is an interior point of the parameter
space ®@. The moment conditions

Ef(v;,0)=0,t=1,2,....T

hold if and only if 6 = 6,, wheref (vt, -) isanm x 1 vector of continuously differentiable functions. The processf (ve, 6p)
may exhibit autocorrelation of unknown forms. We assume that m > d and that the rank of E[df (v¢, 6p) /36'] is d. That is,
we consider a model that is possibly overidentified with degree of overidentification ¢ = m — d.

Given a simple positive-definite weighting matrix Wy that does not depend on any unknown parameter, we can obtain
an initial GMM estimator of 6, as

fo = arg fgrg@l}gr(Q)/W;gr(@),

where g,(0) = T*l/ZZT ]f(v,, ). For example, we may set Wor equal to I,. In the case of IV regression, we may set Wor
equal to Z’ZT /T, where Zr is the matrix of the instruments. Using the contemporaneous covariance matrix Y or the LRV

matrix £2 of the moment process {f (ve, B0)} to construct the weighting matrix, we obtain the following two (infeasible)
GMM estimators:

6, := arg mipgT(é)’i"lgT(O) and 6, = arg mipgr(e)’iz”gr(e).

For the estimator 6;, we use the inverse of the contemporaneous covariance matrix as the weighting matrix and ignore all
the serial dependency in the moment process {f (vt, B0)}. In contrast to this procedure, the second estimator 6, accounts for
the long-run dependency. The feasible versions of these estimators 91 and 92 can be naturally defined by replacing Y and 2
with their estimates Eest( ) and Qest(e ) where

§ 1 LT T T !
zest(e):zTZ{(vf,e)—Zf(vf,eﬂ v, 0 Z v, 0 }

u 1I?I a . vt:l v t=1

Qest 0) := 7 31 Y Qe 7 (we, ) (v, 0) (14)

Suppose that we are interested in certain linear combinations R8, of 6y for some p x d full-rank matrix R. We consider
both point estimation of Ry and hypothesis testing about R6y. We can make a suitable choice of R according to the problem
of interest. For example, if we are interested in the whole vector 6, we can choose R to be the d x d identity matrix. For
hypothesis testing, we consider testing the null hypothesis Ho : Ry = r against the local alternative Hy : R =1 + SQ/ﬁ.
The usual Wald statistic based on 6; is

Wi := T(RG; — r) {RVR'} "' (RG; — 1) (15)

fori =1, 2, where
o o ~ o 1. o A o A o A o o o A o -1
D= [CrEa @G| [Chr Bl Bn2entBn El00)Car | [ G El@0)Car | (16)
o o A o -1
V), = [Gzrge;:(ez)czr] ,

and GT = GT( ;) with GT =T 1Zt 1 af(;e‘,e) When we are interested in a single restriction, we can construct the usual
t statistics. For the asymptotlc results on the t-type tests, see Hwang and Sun (2015).
To compare the two-step point estimation and testing to their one-step counterparts, we maintain the assumptions

below.
Assumption4. AsT — oo for a fixed h, éo =0o+0,(1), 0, = 6o+o0p (1), and 0, = 6o + 0, (1) for an interior point 6y € ©.

Assumption 5. Define

> f (v, 0)
G(0) =+ ; Sg fort=1, and Go(0) = 0.
For any 6r = 6y + 0,(1), the following hold: (i) plimr_mé[ﬁ](er) =16 uniformly in r, where G = 6(00) and 6(0) =
Edf (ve, 0)/00"; (i) Zext 01) 2> £ > 0; (iii) ¥, £2, G’ $~1G, and G'$271C are all nonsingular.
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Assumptions 4 and 5 are standard assumptions in the literature on the fixed-smoothing asymptotics. They are the same
as those in Kiefer and Vogelsang (2005). With these two assumptions and some mild conditions, the standard GMM theory
gives

1 « -1
VTl —00)= = [G/E’]G] & 57 F (e, 60) + 0p(1).
\/T t=1
Under the fixed-smoothing asymptotics, Sun (2014b) establishes the representation
1 < -1
V(0 — 69) = N ; [c/sz;;c] &' (v 60) + 0,(1),
where £2,, is defined similarly to £2o in Proposition 1: £, = £21/282002} 5 Each of the above stochastic approximations

involves a multiplicative transformation of the original moment process {f (ve, 6p)}.
Because of the complicated structure of the transformed moment processes, it is not straightforward to compare the
asymptotic distributions of #; and 6, as in Sections 3.1 and 3.2. To deal with this challenge, we let

G=U -5 .V

mxm mxd dxd

be a singular-value decomposition (SVD) of G, where

o (A , O >
= T \dxd dxq)’
Ais ad x d diagonal matrix, and O is a matrix of zeros. Also, we define
(e, 60) = (ff"(ve, 60), £ (v, 60)) := U'f (v, 6p) € R™,
where f(v¢, 6p) € R and [ (v, 6p) € RY are the rotated moment conditions. The variance and long-run variance matrices of

the rotated moment process {f*(v;, 6p)} are £* := U’ XU and £2* := U’§2U, respectively. To convert the contemporaneous
variance of the rotated moment process to an identity matrix, we define the normalized moment process

f(vtv 90) = (ET/Z)ilf*(vfs 90) = [ 1(Ut7 90)/3.1:2(1}[7 90)/]/7
where

~1/2 -1
filvr, 80) 1= (Z12) ™" [£7(01, 60) — T 55) 7 fy (e, 60| € R,
-1/2
f(ve, 6) == (2;2) z*(Ut, 6p) € RY,
and the submatrices X7,, X7,, and X7, are defined in the same way as in the previous sections. The long-run variance
is 2 = (X} 2)”(2*(2;‘/’2)*1. The following display, which also serves as a partial list of notations, summarizes the three
versions of the moment processes and their variances and long-run variances.

Original Rotated
moment | f(v, 6p) moment f*(ve, 60) = U'f (v, 6p)
. Rotation .
variance ) — variance >*=UXU
Irvar 2 Irvar *=U'Q2U

J Normalization

Rotated and normalized
moment | f (v, 6o) = (X7,,)” " f*(ve. 6o)
variance Y =1Iy

Irvar Q=(ZF,) 12 Zr,)!

Lemma 6. Let Assumptions 1-5 hold with u, replaced by f(v;, 6p) in Assumptions 2 and 3. Then as T — oo for a fixed h > 0,

_ R 1 «
(%52) AV = 00) = = 3 ilwe, ) + 0p() 5 N0, 2. (17)

t=1

_ R 1 «
(z2,) " PAV'VT(d, — 6) = 7 D 1fivr, 60) = Boofalvr, 60)] + 0p(1) (18)

t=1

d
— MN (0, 211 — 2128, — Bo$221 + B 2228L,) -

where B, = 900,12(20‘01,22 and $2., are defined in the same way as in Proposition 1.
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Lemma 6 casts the stochastic expansions of the estimators 91 and 92 in the same form. To the best of our knowledge, these
representations are new in the econometrics literature and may be of independent interest. Lemma 6 enables us to directly
compare the asymptotic properties of the one-step and two-step estimators and the associated tests.

If we let (uy, uz) = (fi(ve, 6p), fo(ve, 6o)), then the right-hand sides of (17) and (18) are exactly the same as what we
would obtain in the location model. The location model, simple though it may be, has implications for general settings from
an asymptotic point of view. In particular, if we define

yie=(Z5,)""°
Yar = Uy,

where uy; = fi(ve, 6g)and uye = fo(ve, 6p), then the estimation and inference problems in the GMM setting are asymptotically
equivalent to those in the above simple location model with {y;, y2t} _, as the observations.

To present our next theorem, we transform R into R=RVA- (21*,2) ]/2, and we define ﬂoo (h,p, q) as Boo (h, d, q) is defined
n (8) but with d replaced by p. Let

pr = (R211R)V2(R212)2,, € RPX

AV,QO + uyg,

be the long-run correlation matrix between Rf1(vt, 6o) and f(ve, Gp).

Theorem 7. Let the assumptions in Lemma 6 hold, and define
A(ho) = {8 : '[RG 271C)'R1™'8 = Ao} for some Ao > 0.

Consider the local alternative Hy (Ao) : R =T + o/ T for 8o € A (ho) and the fixed-smoothing asymptotics.

(@) If vmax (pR,o,’e) < g(h, q), then RO, has a larger asymptotic variance than R6,.

(b) If vmin (pRpR) > g(h, q), then RO, has a smaller asymptotic variance than RO;.

(©) If vmax (pRpR) < f (Xo; h,p, q, @), then the two-step test is asymptotically less powerful than the first-step test for any
S e ()\o) .

() If vimin (,oRp ) > f (Ao; h, p, q, @), then the two-step test is asymptotically more powerful than the first-step test for any
Sp e (}Lo) .

The threshold functions g(h, q) and f (Ao; h, p, q, ) are the same as those that we obtain for the location model. In fact,
Propositions 2 and 5 are special cases of Theorem 7.

When R is the d x d identity matrix, we have v(pgpy) = v(pp’) for p = £24; 91292_21/2. To evaluate the asymptotic
efficiency of 6, relative to that of 6;, we check whether vmax (,op) < g(h,q) or vmin (pp’) > g(h, q) holds. These two
conditions are not mutually exclusive unless d = 1, that is, 6 is a scalar. When d > 1, it is possible that neither of
these two conditions is satisfied, in which case avar(@z) — avar(f;) is indefinite. Thus, as a whole vector, the asymptotic
efficiency of 02 relative to that of 91 cannot be determined. However, we can show that when d > 1, there exist matrices
R € R**and R~ € R withdy +d- = d,d; < d, andd_ < d such that avar(Rt6,) < avar(Rt6;) and
avar(R"6,) > avar(R™6). An example of the indefinite case is when ¢ < d and vy (0p') > g(h, q). In this case,
Vmin (0p') = 0 and 50 vmin (0p’) < g(h, q). Therefore, neither vmax (00') < g(h, q) nor vmin (0p") > g(h, q) holds. The
fact that vy (p p’) = 0 implies that avar(R*éz) > avar(R*@ ) for some R™. Therefore, when the degree of overidentification
is not sufficiently large, there are some directions characterized by R~ along which the two-step estimator is asymptotically
less efficient than the one-step estimator.

Whend = 1, pp’ is ascalar, and the conditions vyayx (p,o/) < g(h, g)and vy (,o,o’) > g(h, q) become mutually exclusive.
Thus, if pp’ > g(h, q), then 0, is asymptotically more efficient than 0;. If pp’ < g(h, q),then 6, is asymptotically less efficient.

Similarly, the conditions vmax (orog) < f (Ao; h, p. . @) and vmin (proR) > f (Ao: b, p, g, @) are not mutually exclusive
unless p = 1. When p = 1, which is of ultimate importance in empirical studies, pgpy is equal to the sum of the squared
long-run canonical correlation coefficients between f?f](vt, 6p) and f>(v, By). In this case, f(1o; h, p, g, @) is the threshold
value of pgpy, for assessing the relative efficiency of the two tests. In particular, when prpy > f(Xo; h, p, q, «), the two-step
test is more powerful than the one-step test. Otherwise, the two-step test is not more powerful.

1/2

Remark 8. A recent paper by Zhang (2016) develops the fixed-smoothing asymptotic theory for the continuously updating
GMM estimator (CU-GMM) defined by

A .o - -1
by = arg gielggr((?)/[ﬂest 0] &r(0),

where Qe (6) = T”ZST:thT:]Q;(s/T, t/T)f(v[, Glf(vs, 0). After imposing some additional conditions, Zhang (2016,
Theorem 2.1) shows that

) _i 2o 12] T e g7
ﬁ(ecu—eo)_ﬁt;[cfzwc] &2 (ve, 60) + 0p(1).
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Table 3
Comparison of the finite-sample variances for the estimators él and @z with
T =200and q = 4.

qg=4
var(éz)
Vmax(0p) var(d;) Bartlett Parzen Qs
b=.07 b=.15 b=.07

0.000 0.082 0.103 0.117 0.112
0.090 0.092 0.105 0.118 0.114
0.180 0.104 0.107 0.120 0.116
0.270 0.120 0.111 0.123 0.119
0.360 0.141 0.115 0.126 0.122
0.450 0.168 0.120 0.130 0.127
0.540 0.207 0.128 0.136 0.134
0.630 0.264 0.140 0.146 0.144
0.720 0.359 0.159 0.161 0.161
0.810 0.543 0.196 0.190 0.194
0.900 1.061 0.301 0.273 0.286

That is, the CU-GMM estimator shares the same first-order fixed-smoothing limit with the two-step GMM estimator in this
paper. By the first-order asymptotic equivalence, Theorem 7 still holds if 8, is replaced by 8cy.

5. Simulation evidence

This section evaluates whether the theoretical comparison of the one-step and two-step procedures using the fixed-
smoothing asymptotics is trustworthy in finite samples. We consider the simple location model given in (1), but we allow a
general form of var (u}) = X*, thatis, we do not assume that X* is a scalar matrix o2I,,. Without loss of generality, we set
the true parameter to be 8y = (0, ..., 0) € RY. The error {uf} follows a VAR(1) process:

Uy :‘/’uﬁ—l‘i‘ Z”zr pte i=1,....d (19)

”2r—‘//“2t 1+62t’ ':1,...,q,

where ef = (ej;, e5;) ~iid N (0, I,) . The notations used above are consistent with those in the GMM setting. For simulation
evidence from other data-generating processes, see Hwang and Sun (2015).
Note that no rotation is needed in the location model, as the implied rotation matrix, i.e., U, is an identity matrix. We
. . —1/2 -1 ~1/2
need only to normalize the error process by letting u;, = (Z5,) / [}, — &% (.Z‘;z) “ujland uy = (Z3) / u,. Let p be
the long-run correlation matrix between uy; and uy,. With some algebraic manipulation, we have

2
pp’ = <d+( y‘ﬁ ! > Ja.d, (20)

where Jq 4 is the d x d matrix of ones. Thus the maximum eigenvalue of the squared long-run correlation pp’ is given by
vmax(pp') = [14(1 - wz)z/(dyz)]fl, which is also the only nonzero eigenvalue.

We consider three commonly used kernels for the LRV estimation: Bartlett, Parzen, and QS kernels. We select the
smoothing parameter b according to the AMSE-optimal formula in Andrews (1991). The unknown parameters in the AMSE
are either calibrated to a VAR(1) process with a given AR parameter v or data-driven using the VAR(1) plug-in approach.
The qualitative results remain the same regardless of how the unknown parameters are obtained. In all our simulations, the
sample size T is 200, and the number of simulation replications is 10,000.

We first consider point estimation with d = 1, under which pp’ is a scalar and va(pp’) = pp’. Note that vy (0p') is
increasing in y2 for a given . We fix the value of ¥ at 0.75, so each moment process is reasonably persistent. For this value
of ¥, we consider vmax(pp") = 0, 0.09, 0.18, ..., 0.90, which we obtain by setting y to appropriate values using (20).

According to Proposition 2, if pp” is greater than a threshold value, then var(,) is  expected to be smaller than var(6,);
otherwise, var(@z) is expected to be larger. The simulated values of var(61) and var(@z) when q = 4 are given in Table 3
for certain values of b. These values of b are calibrated by using the AMSE optimal formulae under the VAR(1) design with
¥ = 0.75and y* = (pp'(1 —¥*)?) /(d(1 — pp")) for pp’ = 0.40 and d = 1. We discuss only the case with the Bartlett
kernel, as we obtain the same qualitative results with the other kernels. The results indicate that var (éz) becomes smaller
than var(¢;) only when pp’ is sufficiently large. For example, when there is no long-run correlation, that is, pp’ =0, we
have var(6;) = 0.082 < var(6,) = 0.103, and so 6; is more efficient than 6, with 22% efficiency gain. The simulation results
are consistent with our theoretical results in Proposition 2: 6, becomes more efficient relative to 6; only when the benefit
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Table 4
Empirical sizes of the one-step and two-step tests based on the Bartlett ker-
nel under VAR(1) errors when ¥ = 0.75, p = 1-2, and T = 200..

One-step test Two-step test

Vmax(ﬂRp;g) X2 Wiso x2 Waso
®, 9 =(@1,3)

0.000 0.161 0.142 0.205 0.138
0.350 0.152 0.129 0.181 0.099
0.500 0.151 0.125 0.162 0.080
0.600 0.150 0.124 0.144 0.068
0.750 0.149 0.123 0.111 0.049
®, 9 =(2,3)

0.000 0.237 0.183 0.307 0.173
0.350 0.232 0.167 0.294 0.142
0.500 0.231 0.164 0.283 0.130
0.600 0.231 0.162 0.272 0.121
0.750 0.231 0.159 0.252 0.106

Notes: The “one-step test” is based on the first-step GMM estimator using
the inverse of the contemporaneous variance estimator X* as the weighting
matrix; the “two-step test” is based on the two-step GMM estimator using
the inverse of the data-driven kernel LRV estimator £2* as the weighting
matrix.

of using the LRV matrix outweighs the cost of estimating it. When b = 0.07 and q = 4, Table 3 shows that var (éz) starts to
become smaller than var(6;) when pp’ crosses a value around 0.180 from below. This agrees with the theoretical threshold
value 0.175 given in Table 1. ) N

We also investigate the simulated finite-sample biases for the point estimators 6; and 6,. To save space, we do not present
the results here, but they can be summarized as follows. First, we find that the finite-sample biases are not as significant as
the finite-sample variances in Table 3. This is because the AMSE optimal rule in Andrews (1991) selects the truncation lag
parameter St = bT to be reasonably large in all the DGPs we considered, so we are able to avoid the over-smoothing problem.
We also find that an alternative bandwidth selection rule in Wilhelm (2015), which directly minimizes the (higher-order)
AMSE of the two-step estimator, can lead to improvements in the finite-sample biases compared to the bandwidth selection
rule given in Andrews (1991), especially when the AR(1) parameter i gets close to one and the degree of overidentification
q increases.

Next, we implement the two sets of testing procedures: the one-step tests based on W, and the two-step tests based on
W,. The nominal significance level is « = 0.05. As before, ¥ = 0.75. We use (20) and numerical methods to set y and obtain
vmax(PrPR) € {0.00, 0.35, 0.50, 0.60, 0.75}. We focus on the case with d = 3 and g = 3. The null hypotheses of interest are
as follows:

H01191=0; H02:0]=92=0.

The corresponding numbers of joint restrictions are p = 1 and p = 2, respectively. We report only the results forp = 1, as
the main results for p = 2 are similar. For the smoothing parameters, we employ the data-driven AMSE optimal bandwidth
through the VAR(1) plug-in implementation developed by Andrews (1991).* The empirical sizes of the nominal 5% testing
procedures based on the two types of asymptotic approximations are given in Table 4. It is clear that both the one-step test
and the two-step test suffer from severe size distortions if the conventional chi-square critical values are used. The relatively
large size distortion of the two-step test comes from the additional cost of estimating the weighting matrix. However, if the
nonstandard critical values W¢__ and W¢__ are used, the size distortions of both tests are substantially reduced. This result
agrees with the existing literature, such as Sun (2013, 20144, b) and Kiefer and Vogelsang (2005), which highlights the higher
accuracy of the fixed-smoothing approximations. Also, we observe that when the fixed-smoothing approximations are used,
in most cases the nonstandard test based on W, is more size-distorted than that based on W,. Results for the other types of
kernels are given in the online supplemental appendix.

Next, we investigate the finite-sample power performances of the two procedures. We use the finite-sample critical
values under the null hypothesis, so the power is size-adjusted and the power comparison is meaningful. The DGPs are
the same as before except that the parameters are from the local null alternative R6y = r + 3y/ JT. The degree of
overidentification considered here is ¢ = 3. Also, the domain of each power curve is rescaled to be A := §y(R$21.2R')"'8
with R = RVA~'(Z?,)"/? as in Section 4. Note that for the location model, V = A = I, and so R = R(Z},)"/2.

Fig. 1 presents the size-adjusted finite sample powers of the two testing procedures when p = 1 and the Bartlett kernel is
used. The power curve of the two-step test shifts upward as the degree of the long-run correlation vmax(orp) increases, and
it starts to dominate that of the one-step test at a certain value of vmax(orpg) € (0, 1). This is consistent with Proposition 5.

4 We could use the rule proposed by Wilhelm (2015). Neither the rule proposed by Wilhelm (2015) nor the one proposed by Andrews (1991) is oriented
toward testing problems.
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Fig. 1. Size-adjusted powers of the two tests based on the Bartlett kernel under VAR(1) errors withp = 1,q = 3, ¢ = 0.75, T = 200, and b = 0.078.

Fig. 1 shows when b = 0.078 and p = 1, the power curve of the two-step test starts to dominate that of the one-step
test when vax(oro) reaches 0.35. This matches our theoretical results in Proposition 5 and Table 2. The table indicates that
the threshold value max;¢1,251f(A; b, p, q, @) is about 0.193 when b = 0.08, p = 1, and q = 3. Also, if vnax(orpR) is as high
as 0.75, the two-step test is clearly more powerful than the one-step test.

6. Practical recommendation

Both the theoretical results and the simulation evidence suggest that we should go one more step and employ the two-
step estimator and test when the long-run canonical correlation coefficients are sufficiently large. In empirical applications,
we often care about only a single linear combination of model parameters or a single model parameter. In this case, there is
only one long-run canonical correlation coefficient, and it provides the necessary and sufficient condition for going the extra
step. However, it is hard to estimate the long-run canonical correlation coefficient with good precision. This is exactly the
source of the question as to why the two-step estimator and test may not outperform. In the absence of any prior knowledge
of the long-run canonical correlation, we propose using the two-step estimator and test only when the estimated long-run
canonical correlation coefficient is larger than our theoretical thresholds. When the estimated long-run canonical correlation

coefficient is smaller than our theoretical thresholds, we suggest sticking with the first-step estimator and test.

When we are interested in multiple parameters or restrictions, it is possible that the one-step and two-step procedures
cannot be unambiguously ranked. In this case, we propose using the GMM estimator and test based on a working weighting
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matrix. Specifically, we fit a parametric VAR(1) model to the estimated moment process f(vt, 9 6o) by OLS and treat the
estimated model as if it is the true model. We compute the implied long-run variance matrix WT( ) and use its inverse
as the weighting matrix in the GMM criterion. This gives rise to the alternative GMM estimator

N VA -1
bo = argmingr(6) [Wr(6o)] &(0) 1)

and the test statistic
W, = T(RO, — r)/{Rf;aR’}”(Réa —), (22)

where, for G, = TZ[ f (v, )06 lo— i’ , V, is given by

B = [ | [ Q) 2es W )| [Gia W "B |

The reader is referred to the online appendix for further details on the working GMM estimator and test statistic based on
the VAR(1) plug-in weighting matrix.

With the introduction of the working GMM estimator, we can formalize our recommendations starting with the point

estimation. Given the set of moment conditions Ef (v, 6p) = 0 and the data {v;}, we follow the steps below to design our
recommended estimator 6;.

-1

2

9)” .

2. On the basis of 6,, use a data-driven method such as that given in Andrews (1991) or Wilhelm (2015) to select the
smoothing parameter. Denote the data-driven value by b, and let h =1/ b.

3. Based on the smoothmg parameter b compute Eest(e )and Qest( ) using the formulae in (14).

4, Compute GT 490 = TZ[ IBf;G‘,G)b 2 and its singular-value decomposition UuV’ where &' = (Adxd, deq)and;\dxd
is diagonal.
5. Estimate the variance and the long-run variance of the rotated moment processes by

5% 1= U’ Seq(Bo)0 and 2% := U’ 2ese(06)0

1. Compute the initial estimator 6, = arg mingce

6. Compute the normalized LRV estimator

2 Sk 2n 912
2=(37,) 9(2*’)1'—<A )

172 172 29 2

where
(A V2 a2
. Ef.z) 212(222)
21/2 = A \1/2
0 (2;‘2)

7. Compute the eigenvalues
v(pp) = V(212925 2,121
Let vmax (P9’) and Vmin (60) be the largest and smallest eigenvalues, respectively.
8. (@) If vmin (P0') > g(h q), then set 6, = 92
(b) If vmax (95') < g(h, q), then set 6; = 6.
(c) If neither condition (a) nor condition (b) is satisfied, then set ér = éa.

For hypothesis testing with the null hypothesis Hy : Ry = r and the alternative H; : Ry # r for some R € RP*9, we first
follow steps 1 through 6 for point estimation, and then continue with the steps below:

7. Let Rey = RVA™(£%,)V/2. Compute the eigenvalues
v (Prig) = v I:(Restfzufzz_zl kaést)(kestf?nkéstrq .

Let vmax (PrAg) and vmin (PrA}) be the largest and smallest eigenvalues, respectively.
8. Choose the value of A° such that P (le A% > X;j‘) = 75%, where x; is the (1 — ) quantile of the chi-square
distribution of p degrees of freedom.
9. (a)If vmin (PrO}) > f(A% h, p, q, a), employ the statistic W, and the critical value W
(b) If vmax (PrAR) < F(1°; h, p, g, «), employ the statistic W, and the critical value we
(c) If neither condition (a) nor condition (b) is satisfied, employ the statistic W, and the critical value W¢{_.
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Fig. 2. Comparison of the finite-sample RMSE performances of the one-step estimator (6; ), the two-step estimator (6, ), and the rule-of-thumb estimator

(6:).

We use W; to refer to the above rule-of-thumb testing procedure with nonstandard critical values.

In the step 8 above, the choice of the local alternative parameter A° is consistent with the optimal testing literature. See,
for example, Sun et al. (2008). We may also choose a value of A° that reflects a particular scientific interest or economic
significance.

Under the increasing-smoothing asymptotics, the null rejection probability of our rule-of-thumb test is equal to the
nominal rejection probability as T — oo. To see this, note that the data-driven h is given by h = ¢T%, where « > 0'is
a known parameter that characterizes the MSE-optimal rate for h and ¢ is the data-driven estimator based on a parametric
plug-in approach. As T — oo, we have ¢ 2 ¢* for some c* - 0, and so h diverges to infinity with probability approaching
one. On the other hand, we can show that as h — oo, the critical values W¢_ and W¢_ approach the same chi-squared
critical value Xp - There is no need to adjust the critical value for each of the three tests in order to account for the selection
uncertainty in selecting the test we eventually use. Thus, from the perspective of the increasing-smoothing asymptotics, our
rule-of-thumb test has the correct pointwise control of the null rejection probability. Recently, Preinerstorfer and Potscher
(2016) have shown that the existing HAR tests do not have a uniform size control. Our rule-of-thumb test is no exception.
See Preinerstorfer (2015) for further discussion of this.

We evaluate the performances of the above estimation and testing procedures relative to those of the one-step and two-
step procedures via Monte Carlo simulations. The root mean squared errors (RMSE) of the estimators 61, 65, and 6; are given
in Fig. 2 for ¢ = 3 and 4. The DGP is the same as that given in Section 5. To save space, we present only the results for the
case with the Bartlett kernel. Fig. 2 shows that the RMSE of 02 becomes smaller than that of 6; only when pp’ is sufficiently
large. This is similar to the simulation evidence in Section 5. However, Table 3 in Section 5 employs fixed values of b for
each simulation replication, while Fig. 2 employs data-driven values of b, which could be different for different simulation
replications. More importantly, Fig. 2 shows that the rule-of-thumb estimator 6; has a very competitive RMSE performance
relative to 01 and 62

Next, we investigate the testing procedures, Wy, W, and W, for p = 1and q = 3 and 4. Fig. 3 shows the size-adjusted
finite sample power against the local alternative H; : Ry = r + 8/+/T for &/ (R.Ql 2R) 7180 = Ao with R = R(Z},)"/?
and R = (1, 0, 0) . The parameter configuration is the same as in the point estlmatlon case. It is clear that the power of the
two-step test W, increases with the long-run correlation vmax(prog) and eventually dominates that of the one-step test W;.
This result is also similar to the simulation results in Section 5 with fixed values of smoothing parameter b. Fig. 3 shows that
W, succeeds in selecting the more powerful test.

In Figs. 2 and 3, we present results for only a single parameter or restriction. By construction, the plug-in working GMM
estimator and test are never used. To improve the finite-sample performance, we can modify our practical recommendations
andused, = 6, (orW, = W,)aslongas p (or pg)is within 10% of the theoretical threshold. This alternative recommendation,
however, has no rigorous theoretical justification, as the percentage margin has to be chosen by the individual practitioner.
The online supplementary appendix contains some simulation evidence supporting the modified rule-of-thumb procedure.

7. Conclusion

This paper makes more accurate and more reliable comparisons of the popular one-step and two-step GMM estimators
and the associated inference procedures. We transform a general GMM into an asymptotically equivalent overidentified
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Fig. 3. Comparison of the finite-sample size-adjusted powers of the one-step test (W), the two-step test (W), and the rule-of-thumb test (W,) withp = 1.

location model and deliver a clear message on when we should go one step further and use a two-step procedure: We
should employ a two-step GMM procedure only when the benefit of doing so clearly outweighs the cost. The magnitude of
the benefit is quantified by the long-run canonical correlation coefficients between two blocks of moment conditions. In the
simple location model, the first block of data represents the signal that identifies the unknown location parameter, and the
second block consists of auxiliary information that can be utilized to improve the precision of the location estimator. When
the cost-benefit comparison is not clear cut, we recommend using the GMM procedure with a working weighting matrix.

The qualitative results of the paper are applicable more broadly. As long as there is additional nonparametric estimation
uncertainty in a two-step procedure relative to that in the one-step procedure, we have to be very cautious about using the
two-step procedure. While some asymptotic theory may indicate that the two-step procedure is always more efficient, the
efficiency gain may not materialize in finite samples. In fact, blind use of the two-step procedure could do more harm than
good.

Appendix A. Appendix of proofs

Proof of Proposition 2. By (11), we have
avar(f,) — avar(6;) = (1+ El| B (h, 1, @) 111)$21” [(h, @)la — p0'] (2177

Thus avar(f,) > avar(6) if and only if g(h, q)l; > pp’.But g(h, q)l; > pp’ if and only if g(h, q) > vmax (pp’) . That is,
avar(éz) > avar(é1) if and only if vpax (pp/) < g(h, q). Similarly, we can prove that avar(éz) < avar(é1) if and only if
Vmin (10)0/) >g(h,q). =

Proof of Proposition 3. Part (b) is a special case of Theorem 6(a) of Sun (2014b) with G = [l4, Og4xq]'. It remains to prove
part (a). Under 6y = r + 8o/~/T, we have

Ty — 1) = Ty — 00) + 80 > 212y + 8.

By Proposition 1(a), we have 21 —d> Q:{szd(.Q;{Z Y, where Cyy L By. Invoking the continuous mapping theorem yields

W, = VT(6; — r)/ﬁﬁlﬁ@] —r)
’ -1
4 [9}{2&1 +50] [Qf{zcdd(sz}{z)/] [9}{23d +30].
Thus

d —1/2

d _ I _
W S [Ba+ 2580 Cigt [Ba+ 21780 £ Wioclll 27,86 2)

The use of the notation Wm(||[21_11/280||2) = Wloo(86.(21’1180) implies that the distribution of [Bd + [21_11/280] Cd’dl

[Bd + [2;1]/280] depends on 9;1/280 only through 86[21’1]80. To see this, we let H = (.(21711/280/ 86{21’1]80, I:I)’ for some
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H such that H is ad x d orthogonal matrix. Then
(B -+ 25250 it [Ba+ 23,50
- [HBd + HQ;“ZSO]/HCd_le/ [HBd + HQ;‘/Z(SO]

/
£ [Ba+ H2 80 ) Cigt [Ba+ H2p, 250

= [Bd + ,/569H130ed] Cy [Bd + ,/agsznlaoed] .

!/
where e; = (1,0, ...,0) € R% Therefore, the distribution of [Bd + 91_]1/280] C;il [Bd + .{21_11/280] depends on (21—11/280
only through 8652]’1180. [ ]

Proof of Proposition 4.
Part (a) We first prove that P (xZ (6%) > x) is increasing in 82 for any integer d and x > 0. Note that

0 o—82/2052 19y
2 (g2 e (8°/2y 2
P(Xd (8)>X)ZZ j! P(Xd+2j>x)’
j=0
where Xf o is a (central) chi-square variate with d + 2j degrees of freedom, we have

(o)

0P (xi () >%) _ 15~ (8%/2) 15~ (%207 g
U = S e 5 2 e > )
1o (82/2) 1o (82/2)
= _EZ il e 82/21)( j+2j = X) + EZ il € 62/21) (X§+2+2j >X)
i T = I
1o (82/2) _
=5 Z i e [P (Xds242i > %) = P (Xdszs > )] > 0,
=0

as claimed.
Let ¢ ~ N(0, 1), and let ¢ be a 0-mean random variable that satisfies /> > 0 almost surely and ¥ L ¢. Using the

monotonicity of P (xZ (6) > x) in 8%, we have
P(llg + ¥ 11> > x) = E[P(x7 (¥?) > 0)ly?]
> P(x2 > x) =P(||l¢||* > x) for any x.
Now we proceed to the proof of part (a). Note that By and B, are independent of Cyq, Cgq, and Cyq. Let D = Zf:]kmdid;
be the spectral decomposition of D;dl, where Ap; > 0 almost surely and d;’s are orthonormal in R?. Then
[Bd — CaqCay'Bq] Dad [Ba — CaqCoy'Ba]
d d
" _ 2
= Z)\Di[d;Bd — diC4yCyy'By]” = Z)»Di(¢i + ),
i=1 i=1

where ¢; = d;By, ¥; = —d;quCq;]Bq, and ¢; is independent of {1;} conditional on Cyq, C44, and Cyq. In addition, ¢; ~ iidN(0, 1)
conditionally on Cyq, C4q, and Cyq as well as unconditionally. Thus for any x > 0,

P (W3e0 (0) > X) = EP(Waos (0) > x|Cag, Cad Coq)

d
= EP (Z 2i(@i + ¥1)> > X|Cag, Caa, cqq)

i=1

d
= EP (Mn((b] +91)® > x— Z)»Di(dh' + ¥1)%Cag, Caa> Coq» (D1}, (Wi ?=1>

i=2

\%

d
> EP (Amq&% >x =Y il + ¥)*ICaq> Caar Cag» 11, wi}:-’zz)

i=2

d
—EP <)\m¢12 > x = hnil¢i + ¥)*|Cag» Caar Cag {1//,-}?_2) :

i=2
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400

d
Z Api? > X|Cag, Cad, Cyq

Using the above argument repeatedly, we have
P (Wyeo (0) > Xx) ZEP( )
i=1

d
=P <Z Apidh? > x) =P [B,Dy;'Bs > X]

> P [BjCyq'Ba > X] =P (Wix (0) > x),
where the last mequallty follows from the fact that Ddd > Cdd almost surely.
Part (b). Let Cdd = Z, 1Acicic] be the spectral decomposition of Cddl Since Cgg > 0 almost surely and A¢ > 0 almost

surely, we have
d o
[Ba + €1l eal' Cy' [Ba + 11|l €4l

1ol lIE1%) =
d
Z i[ciBa + €1 clea]”.

where [ ‘Bg + |IE]| c’ed]z follows the independent noncentral chi-square distribution with noncentrality parameter
leN? (c ed) conditional on {Ac,} _, and {c,}l ;- Now consider two vectors &; and &, such that ||§1]| < [|§;]| . We have

P [Wies (IE111%) > 2]
d
=p :chi[C{Bd + [1&1l Ci,ed]z =X
i=1
1 d 5
>X— Z)\Ci[Ci/Bd + &1l Ci/ed] ‘{)‘C"};j:]’ Gl }

/ 2
= EP [)\U[C;Bd + 15l C1ed]
i=2

d
2
>x— Y ha[c/Ba+ lI&1]l ¢lea] [(radiy. ci) }

, 2
< EP {xa[c;Bd + &2l cfea]
i=2
: }

2 )
=P {)»a [ciBa + &2l ciea]” + Y Aa[c/Ba + Il clea]” > x
i—2
(8?) > x) in 2. Repeating the above argument, we have

where we have used the strict monotonicity of P (

P [Wiso(lI€1]1%) > A]
d
<P lzxa[cﬂed + 116l cjeq]” > X}
i=1

=P {[Bs+ &]Cyy [Ba+ &] > x} = P [Wi (1&17)

x],

as desired.

Part (c). We note that
Waoo(IIE]%)
= [Ba — CaqCyq'By + Il €a] Dy [Ba — cdch:;Bq + €1 eq]
— CagCre'By] + I ed} x Dy

- {[Id + CagCra oo Coa] " [Ba

e -1/2 _ ~
X {[Id + qucqq1cqq1ch] [Bd - qucqq1Bq] + &1l ed} ,

where
] 1/2

&g = [la + CagCry' Coy' Caa] €4
and
Dy = [la + CagCoy'Coy Caa]* D [ 1 + CaaCyg Cyo' Caa] .
Let Y, %p,did, be the spectral decomposition of Dy, Define
Gai = 14 + CagCoy' Cog Coa] ™" [Ba — CagCi'Bo] -
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Then conditional on Cyq, C4q, and Cyq, &di ~ iidN(0, 1). Since the conditional distribution does not depend on Cyq, C4q OF Cyq,
¢4i ~ iidN(0, 1) unconditionally. Now

Wzm(llélllz)

= Z)‘Dl[ [l + CaqCoq' Caq' Cac]

- . o \2
= Zfo (a+ 1111 42
i=1
and so for two vectors &; and &, such that ||| < ||& ]| , we have

P {Was(lI&111%) > x}

d 2
=EP {Z o (ai + 611 ) > X|Cag, Caa, cqq}

i=1

-1/2 _1 - )2
[Bs — CaCog'Ba] + 16111 2 |

d - - - 2
<EP {ZAD,. (ai+ 2l ) > X|Caps Can, qu}

i=1
d
s (= == \2 2
=P {Z A, (¢di + &l d,-ed) > x} =P {Wio(l&l?)>x}. =
i=1
Proof of Proposition 5. We prove only part (b), as part (a) can be proved using the same argument. Let

d

/o /

pp = via;a;
i=1

be the eigen-decomposition of pp’ with eigenvalues {v;} satisfying 1 > vg > v4_1, ... > v; > 0. Then for A =669[21 8o, We
have
80527280 — T (Mo) - 80521;'60
d

1 —120 \?
= r(xo)z o = 00 (627,50
2
_ 2%
(o)l 27,801 Z S = fo)l @ e ram I (23)
1524, Soll
where (-, -) is the usual i mner product

We now show that 852, ,80 — 7 (Ao) - §; 5211180 > 0forall §y € 2 (Ag) with 1y > Oifand only if v; — f(Xg) > O foralli €
{1, ..., d}. The “if” partis obv1ous We prove the “only if” part by contradiction. Suppose that §/ .Qm So—T ()\0)-86.(21’1]80 >0

for all So € A(rp) with Ag > 0 but there exists an i* such that vx — f(Ag) < O. Choosing 8o € A(ho) such that
—1/2 -1/2
80/11821; "“8oll = ap, we have
-1
808211 %0

80827280 — T (ho) - 85827780 = T
-

[vic = f(Xo)] T(Xo) <0,

leading to a contradiction.
Note that the condition v; — f (o) > Oforalli € {1,...,d} is equivalent to vi > f (Ag), which is the same as
Vmin (p,o’) > f(Ao; h, p, q, ). This completes the proof of part (b) |

Proof of Lemma 6. We prove a more general result by establishing a representation for

T
1 I:u VPR TV
— G/M’1G] EM (v, 60)
VT ; ‘
in terms of the rotated and normalized moment conditions for any m x m (almost surely) positive definite matrix M, which

can be random. Let

My, M
M* = U'MU.M = Z;,'M*(2;,') = <M; MZ)
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and let My, = My; — M12My,' My, where My; € R and My, € R¥*9. Using the SVD UE V' of G, we have
GM~'G=VE'(UMU)'EV
=VA(ls 0)(M*) (I, 0)AV’

=VA(l, 0)(Z1;") | ZiMe (z;‘/;)] 5 (e 0)AV!

(
(

=VA(ls, 0)(Z;, YM' 55 (I, 0)AV/
=VA(Z1,) " (la )M VA(ZL) T (e )]
= VA(z:,) Ml (zr,) A, (24)

where we have used

(z1,)7"° 0 )

I, 0 2*—1/= I, 0] _ -17
(e 0) (=77 = (l )<—[(2;‘.2) )] ()"

((=5)7” 0)=(=12) (1 0).

In addition,

G'M~'f (v, 6)

= VE'(UMU)"'Uf(v, 60) = VA (Ia. o)( M*)"'f* (v, 60)
L 0)(Z3R"Y [ ZyaMe (z;*/;)] T (v, 60)
I, o) (2;‘/;) M™'f (v, 60)

= VA(E 2) (Idv ) M~'f (v, o)
=172 M;, —M;§M12M2—21>
—VA(S I, O B B 1 9
(Z12) (I )(—(MlAle]zMzz])/ ;! f (e, 6o)
—VA(ZE,) P (M), MMM (v, 60)
= VA(Z:,) "M [fi (e, 60) — MiaM3'fo (vr, 60)] -

Thus

| e o 00

‘~
~
h
—
Q(
=
|
A

T ) ) B i
== > [VA(E]*AZ) M (zr,) Y 2Av/] [VA():;%Z) i ZM;;]

t=1
x [f1 (vt, 60) — M12My,'f> (ve, 60) ]

Z VA 21 2 1/2 [f1 (va 90) - M12M2_21f2 (Ut, 90)] . (25)

Letting M = ¥, we have M* = U'XU = X* and M = E;"/Z]M*(E]*/Zl) = I, and thus M;M,,' = 0. As a result,

IZ[G’ 6] 65 o 00) = ZVA (£12) 1 (vr. o) -
Using this and the stochastic expansion of VT (61 — 69), we have
T
VI — 60) = —= Z 1(255)"f1 (e Bo) + 0,(1).
It then follows that -

T
1/2 d
(£1,) 2AvVT(6, — 60) = Z (vr, 60) + 0p(1) > N(O, 217).
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Letting M = £2,, we have M = iy U/(}OOUZ‘T/’ZV = Qo0, and thus MpMy,' = 20612025, = Boo. As aresult,

1 4 UV, T IV 1 <& 1/ \172
ﬁ;‘[mwc] G 00 = 7 3 VA (52) 1 0 ) = B o )

Using this, we have

3 [(;’iz;;(“;] G221 (ve. 6o) + 0 (1)

t=1

VT(0, — 6p) =

Sl-

1 T
= TVA—l(z;sz)”z > (i(ve. 60) — BocSa(ve. o)) + 0p(1).

t=1

~

It then follows that
T
(252)"PAV'VT (G, - 60) = 72 101, 60) = Bofalvr, 00)] + 0p(1)
t=1

— MN (0, 211 — 2128}, — Boo$221 + oo 222BL,) . W

Proof of Theorem 7. Parts (a) and (b). Instead of comparing the asymptotic variances of Rv/T| (61 — 6) and RV/T (6, — 6p)
directly, we (equivalently) compare the asymptotic variances of (RR)"2RJT(6; — 6o) and (RR')~2RV/T(H — 6). We can
do this, because (RR')~1/? is nonsingular. Note that the latter two asymptotic variances are the same as those of the one-step
and two-step estimators QR and 65, respectively, of QR in the simple location model

=605+ u’{s ER’, (26)
Yor = Uy € RY,

where
68 = (RR')"/?R6p, uf, = (RR)"?Ruy,,

and the contemporaneous variance and long-run variances of u; = (u,, u},)" are I, and 2 respectively.
It suffices to compare the asymptotic variances of Qf and 9§ in the above location model. By construction, the variance of

uk = ((u’ft),, (u2t)’), is

I, O
var(uf) = (5 Iq) = Ipiq-

Therefore, the above location model has exactly the same form as the model in Section 3.1, the only difference being that y’ft
is of dimension p instead of d. This difference is not substantive and requires only some notational changes. We can invoke
Proposition 2 to complete the proof.

The long-run canonical correlation coefficients between u’ft and uy, are the same as those between I~2u1t and uy. This
follows from the facts that u'ft is equal to Ruy; pre-multiplied by a full-rank square matrix and the long-run correlation
matrix between Ruq, and uy, is

(R211R)"1?{R$212) x .{22_21/2 = pr.

The long-run canonical correlation coefficients between u’ft and uy, are then the eigenvalues of pgp;, thatis, v (pRpé) . Parts
(a) and (b) then follow from Proposition 2.

Parts (c) and (d). The local asymptotic powers of the one-step and two-step tests are the same as the local asymptotic
powers of the respective one-step and two-step tests for testing about 9(’5 in the location model given in (26). We use
Proposition 5 to complete the proof. For the above location model, the asymptotic variance of the infeasible two-step GMM
estimator is

28, = [(RR)V2R] 212 [(RR)V2R]
In addition, the local alternative hypothesis H; : Ry = r + 8o/+/T corresponds to
9R (RR/) l/2r+(RR/ 1/280/[
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in the location model. This implies that the local alternative parameter is (RR)~1/25, /+/T. Thus the set of 8y’s considered in
Proposition 5 is given by

e (ho) = {6 &Rz (k) [RR) 2 = )»0}
- [5 L §'(R21,R)18 = AO] . 27

It remains to show that the above set is the same as the set given in the theorem.

.

Using (24) withM~! = 27!, we have M = £2, and so

G276 =VA(ZL,) Pl (sr,) av.

. -1
Plugging this into (Y[R(G’.Q‘]G)‘]R’] 8 yields

o o o -1

§[RC 2GR s
-t
=5’{R[VA():;"_Z)’”ZQ;Q(2;‘,2)’”2Av’] R/} 5

1/2

-1 - ~\—1
=o' fRva(21,) P 20a(51,) ATV 5 =8 (ReuaR) .

Therefore, the set of §'s considered in the theorem is exactly the same as the set given in (27). W

Appendix B. Supplementary data

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jeconom.2018.07.006.
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