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1. Introduction

This paper considers the optimal two-step GMM estimator
and the associated tests in a time series setting. In the presence
of nonparametric temporal dependence, the optimal weighting
matrix is the inverted long run variance (LRV) of the moment
process. To implement the two-step GMM method, we often
estimate the LRV using the nonparametric kernel or series method.
Given the nonparametric nature of the LRV estimator, there is a
high variation in the weighting matrix with consequent effects on
the two-step point estimator and the associated tests. Recently Sun
(2014b) employs the fixed-smoothing asymptotics and establishes
a new asymptotic approximation that captures the estimation
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uncertainty in the LRV estimator. Under the fixed-smoothing
asymptotics, the point estimator is asymptotically mixed normal,
and the test statistics such as the Wald statistic converge to a
nonstandard distribution. In the case of series LRV estimation, Sun
(2014b) shows that the nonstandard limiting distribution can be
approximated by a noncentral F distribution.

In this paper, we follow Sun (2014b) but focus on the series
LRV estimator. We modify the usual test statistics, including the
Wald statistic, the quasi LR statistic, and the LM statistic and show
that the modified test statistics are all asymptotically standard
F distributed. The standard F distribution is the exact limiting
distribution. No additional approximation is needed. This is in
contrast to Sun (2014b) where the noncentral F distribution is an
approximation to the fixed-smoothing limiting distribution. The
standard F distribution is more accessible than the noncentral F
distribution, as standard F critical values are readily available from
standard statistical tables.

The modification involves the usual J statistic for testing
overidentifying restrictions. The modified test statistics are scaled
versions of the original test statistics with the scaling factor
depending on the J statistic. So the modification is very easy to
implement. To understand the modification, in the supplementary
appendix (see Appendix B), we cast the two-step GMM estimation
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and inference into OLS estimation and inference in a classical
normal linear regression (CNLR). We show that the modified Wald
statistic in the GMM framework is exactly the usual Wald statistic
constructed in the standard way in the CNLR framework.

Our proposed asymptotic F tests, which are based on the
modified test statistics and use the standard F approximation, can
be regarded as conditional tests conditioning on the J statistic. In
contrast, the nonstandard tests of Sun (2014b) can be regarded
as unconditional tests. As conditional tests, the F tests have the
exact asymptotic level regardless of the value of the J statistic.
This is an attractive property that the nonstandard tests lack.
The conditioning argument is entirely analogous to that used in
the linear regression model with stochastic regressors that are
independent of the regression error.

Monte Carlo simulations show that our proposed asymptotic
F tests are as accurate in size as the corresponding nonstandard
tests of Sun (2014b). They are also as powerful as, and sometimes
more powerful than, the latter tests. So there is no power loss in
using the asymptotic F tests. Like the nonstandard tests of Sun
(2014b), the asymptotic F tests are much more accurate in size
than the usual chi-square tests without any power sacrifice. Given
the convenience of the standard F approximation, we recommend
the asymptotic F tests for practical use.

Our proposed F tests can still have some size distortion when
temporal dependence is strong. The size distortion problem is not
unique to the F tests but applies to any pointwise heteroskedas-
ticity and autocorrelation robust (HAR) test, including both the
fixed-smoothing asymptotic tests and the conventional asymp-
totic normal and chi-squared tests. Recently, Preinerstorfer and
Pétscher (2016) have considered uniform inference and discov-
ered some ‘singularity’ points in the data generating process under
which any pointwise HAR test will suffer from severe size distor-
tion. Our proposed F tests are no exception. A ‘singularity’ point
that is especially relevant in economic applications is the near
unity of an AR root in the underlying moment processes. See Prein-
erstorfer and Potscher (2016, B(ii) in Sec. 3.2.2), Miiller (2014),
and Sun (2014c) for discussions on the problems generated by the
near-unit-root singularity. A standard remedy is to combine
prewhitening with the fixed-smoothing asymptotics developed
here. However, prewhitening is not effective in handling the singu-
larities featured in Preinerstorfer and Potscher (2016). See Preiner-
storfer (2015) for more discussion.

When there is a single restriction to be tested and the
alternative is one-sided, we construct the usual t-statistic and then
modify it using the J statistic. We show that the modified t statistic
is asymptotically t distributed. The resulting asymptotic t test is
as easy to use as the asymptotic normal test. The theory of the
asymptotic standard t test parallels that of asymptotic standard F
tests.

This paper contributes to a growing body of literature on
fixed-smoothing asymptotics. For kernel LRV estimators such
as the Newey-West estimator (Newey and West, 1987), the
fixed-smoothing asymptotics is the so-called fixed-b asymptotics
first studied by Kiefer and Vogelsang (2002a,b, 2005) in the
econometrics literature. Subsequent research includes Jansson
(2004), Sun et al. (2008), Sun and Phillips (2009), and Gongalves
and Vogelsang (2011), among others. Papers that are most closely
related to this paper are those that use the series LRV estimators.
In this case, the fixed-smoothing asymptotics is the so-called fixed-
K asymptotics. Some examples of these papers are Phillips (2005),
Miiller (2007), Sun (2011, 2013, 2014a,b), and Sun and Kim (2012).

In the case of series LRV estimation, the F and t limit theory
has been established in Sun (2011) for trend regression, Sun (2013)
for stationary moment processes, and Sun (2014c) for highly
persistent moment processes. See also Sun and Kim (2012, 2015)
for the J test, Wald test, and t test in the spatial setting. All these

papers focus on the first-step GMM estimator or OLS estimator.
This paper is the first to establish the F and t limit theory for the
trinity of test statistics in a two-step efficient GMM framework.
This is not trivial, as the asymptotic pivotality of these statistics
under the fixed-smoothing asymptotics was not established until
very recently in Sun (2014b).

The rest of the paper is organized as follows. Section 2 presents
the basic setting and introduces the modified test statistics.
Section 3 establishes the fixed-smoothing asymptotics of the
modified test statistics and develops the asymptotic F and ¢ tests.
Section 4 investigates the asymptotic properties of the F and t
tests under local alternative hypotheses. The next section reports
simulation evidence. The last section concludes. Proofs are given in
Appendix A. An online supplementary appendix (see Appendix B)
sheds further light on the asymptotic F and t tests by connecting
them with the familiar F and ¢ tests in a classical linear normal
regression.

Notationally, g, 4, (A) is a random variable that follows the
noncentral F distribution with degrees of freedom d; and d, and
noncentrality parameter A, and 74 (1) is a random variable that
follows the noncentral t distribution with degrees of freedom d and
noncentrality parameter A. ¥4, 4, := F4,.4, (0) and 73 := 75 (0)
are random variables following the standard F and t distributions.
When there is no possibility of confusion, we sometimes identify a
random variable with its distribution.

2. Two-step GMM estimation and testing

We consider the standard GMM setting with moment condi-
tions

Ef(vt790):O5t:1525~"7Ta (1)

where v; is the vector of observations at time t, 6, € ©® C R?
is the parameter of interest, and f (v¢, ) is the m x 1 vector of
moment conditions that are twice continuously differentiable. We
assume that Ef (v;,0) = 0 if and only if & = 6 so that 6y is
point identified. The model may be overidentified with the degree
of overidentification g = m — d > 0. We allow {f (v¢, 6p)} to have
autocorrelation of unknown forms.
Define

] t
&) == j;f(vj, 0),

then the GMM estimator of 6, is given by
Bomn = argmingr (6)' Wy 'gr (6).

where Wr is a positive definite weighting matrix. The initial first-
step GMM estimator can be obtained by choosing Wr to be a matrix
W, r that does not depend on any unknown parameter. This gives
rise to

g . / —1
Or = argmingr (6)' W, rer (6).

Here W, r may depend on the sample size T, but we assume that

Wo.r LY W, 0, @ matrix that is positive definite almost surely.

With the first step estimator 6, we can estimate the optimal
weighting matrix Wy, which is the asymptotic variance matrix of
VTgr (). See Hansen (1982). Most, if not all, estimators of the
asymptotic variance take the form

- 1< t - 1< -
Wr@r) = 3> (f, %) (f(vt, o) — - Z;f(vz, 91))

t=1 s=1

- 1< Y
x (f(vsﬁr)— TZf(vT,eﬂ) : (2)
=1
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where Qg (1, s) is a symmetric weighting function that depends on
the smoothing parameter K. In this paper, we focus on the series
LRV estimator with

1 K
Qe (r5) = 2 > B () (5), (3)
j=1

where {<D]- (r)} are orthonormal basis functions on L?[0, 1]

satisfying fol @; (r) dr = 0.In the econometric literature, the series
LRV estimator has been recently used, for example, in Phillips
(2005), Miiller (2007), and Sun (2011, 2013, 2014a,b).

Define the projection coefficient

45 (0p) = Zcp ( )|:f(vt,90)—2f(vr’90):|

for]=1,2,...,K.
Then

1 K
Wr (00) = - D 41(60) 41(60)" 4)
j=1

In essence, each outer product A;(6p) A;j(6p)’ is an approximately
unbiased estimator of the LRV, and the series LRV estimator is
a simple average of these estimators. Here K is the smoothing
parameter underlying the series LRV estimator Wr. If K is even and
{#;(n} = {(V2sin@rkr), v2cosrkr), k = 1,2,...,K/2},
then the series LRV estimator is proportional to the spectral
density estimator at the origin that takes a simple average of the
first K/2 periodograms. The averaged periodogram estimator is a
common spectral density estimator. In the traditional asymptotic
framework, it can be shown that the averaged periodogram
estimator is asymptotically equivalent to the kernel LRV estimator
based on the Daniell kernel; see for example Phillips (2005). Sun
(2013) provides more discussion on the relationship between the
kernel LRV and series LRV estimators. To ensure that Wr is positive
semidefinite, we assume that K > m throughout the rest of the
paper.

With the optimal weighting matrix estimator Wr (6r), the two-
step GMM estimator is:
Or = argmingr (0)' Wy (0r)gr (0).
Suppose that we want to perform hypothesis testing based on éT.
Without loss of generality, we consider the linear null hypothesis
Hp : Ry = r against the alternative H; : Rfy # r whereRisap x d
matrix with full row rank. Nonlinear restrictions can be converted
into linear ones by the Delta method with no consequence on the
asymptotics we developed here. Asin Sun (2014b), we consider the
“trinity” of test statistics in the GMM setting. The first test statistic
is the (normalized) Wald statistic given by

Wr = Wr(6r)
. . . . q-1 7!
= TRy — 1)’ {R | Grry Wi @r)Gr ) | R/}

x (Rér —1)/p, (5)

where Gr(0) = %. When p = 1 and for one-sided alternative
hypotheses, we can construct the ¢ statistic:

VT(RGr —1)

TT = TT(éT) = = 1.7 = .
{RIGr (6r)' Wy (6r)Gr (6r)]7'R'}1/2

The second test statistic is the GMM criterion function statistic,
which can be regarded as the LR analogue in the GMM setting. Let

éT, r be the restricted second-step GMM estimator:

éT,R = arg gréiggr ®) Wr_](ér)gr 6) s.t.RO =r.

The GMM criterion function statistic is

Dr = I:TgT(éT,R)/Wr_l(éT)gT(éT,R) - TgT(éT),Wr_l(éT)gT(éT)] /D,

which is often referred to as the quasi LR statistic.

The third test statistic is the GMM counterpart of the score or
LM statistic. Let Ay () = Gr (8) Wf] (6r)gr () be the gradient of
the GMM criterion function. The score type test statistic is

N 4 N ~ N -1 N
Sr=T [Ar(em)] [err,R)’wﬁ(OT)GT(GT,R)] Ar@rp)/p.

In the definitions of Dy and Sr, éT can be replaced by éT or any
other +/T consistent estimator without affecting our asymptotic
results.

To introduce the modified versions of the above three test
statistics, we construct the standard J statistic for testing the over-
identifying restrictions:

Jr = Jr(fr) = TgT(éT)/Wf1(éT)gT(éT)-
The modified versions of Wy, D, and St are
K-p—q+1 Wy

Wr = ,
K 1+ Jr/K
pe . K=p—a+1 Dy
T K 1+ Jr/K’
T
T K 1+ Ir/K

The multiplicative modifications are the same for all three
statistics. The corresponding version of the t statistic is

TC - K—q TT
™V k JT+;/K

Under the conventional asymptotic theory where K diverges to
oo with the sample size T but K/T — 0, all of Wr, Dr and Sy and
hence W¢, D and S5 are asymptotically Xp 2 /p distributed. It is now
well known that the chi-square approximation is not accurate in
finite samples. This motivates the more accurate fixed-smoothing
asymptotics under which K is held fixed as T — oo. We point out
in passing that the fixed-K specification is an asymptotic device to
help establish a more accurate approximation. We do not have to
use a fixed K value in finite samples.

3. Asymptotics under the null

Define

98 (0) _

GO) = =

1 Z .0
26" -

Let
u; = f (v, 6p), @o (t) := 1, and e; ~ iidN (O, I,).

We make the following assumptions on the basis functions, the
GMM estimators, and the data generating process. These assump-
tions are the same as those in Sun (2014b) and are commonly used
in the literature on the fixed-smoothing asymptotics.

Assumption 1. For j = 1,2, ..., K, the basis functions ®; (-) are
piecewise monotonic, continuously differentiable and orthonormal in
12[0, 1] and J, &; (x) dx = 0.
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Assumption 2. AsT — o9, ér = 6y + 0, (1), Or = 6y + op (1)
for an interior point 0, € © where ® C R? is a parameter space of
interest.

4

Assumption 3. > || 1]|| < oo where I} = Eugu;_;.

Assumption 4. (a) f (v, 0) is twice continuously differentiable in
0 for almost all v.. (b) For any 6r = 6y + 0, (1), Gy (Or) =
G + op (1) uniformly in r where G = G(6p) has rank d and G(0) =
Edf (v, 0)/06'.

Assumption 5. (a) T2 Y!_, &; (t/T) u, converges weakly to a
continuous distribution, jointly over j = 0,1,...,K. (b) The
following holds:

7o(r)
Pl — &= )u <xforj=0,1,...,K
(ﬁz ) )
P ]iq)(t)A <xforj=0,1 K|+o(1)
— . . —_ e_xor]: . IR 0
N =RV

asT — o0

where x € R™ and A is the matrix square root of £2,ie, AA =
Q=32 T (c) 2 is of full rank.

Let
Byiq(r) == (By(r), By(r))

where B, (r) and By (r) are independent standard Brownian motion
processes of dimensions p and g, respectively. Denote

1 1
Cp = / / Qc(r, $)dBy (F)dBy(5)’ (6)
0 0

and, for g > 0, let
1 1

Go= [ [ et o)s, 155,
0 0

1 1
Cqq = f f Qx (r, 5)dBq(1)dBqy(s)’
0 Jo
and Dy, := Cpp — CpgCiy' -

Theorem 1. Let Assumptions 1-5 hold and q > 0. Then, for a fixed
K, the following weak convergence results hold jointly as T — oo:

(a) Wr, Dr, St > [B, (1) — CpyCre By (D] D, [B, (1)
By (1)]/p = Fuc.

(b) Tr = [By (1) = CpaCrg'By (1] //Dyp = T,

(c) Jr 5 B(1)Co By (1) = G,

where (B,(1)', By (1)) is independent of (Cpq, Cgq, Dpp) and Dy is
independent of (Cyq, Cgq)-

— C,,ch;l

Remark 1. If Qx (-, -) in (3) is replaced by a kernel function, then
under some conditions on the kernel function, Theorem 1 also
holds. A key advantage of using the series LRV estimator is that

Gp Gy - ! ] /
K |:C;,q qui| = ]:Z] |:/0 D; (r) dByyq (7’):| |:/o P; (r) dBp1q (r):|

follows a standard Wishart distribution Wy..q (K, I+q). A well-
known property of a Wishart random matrix is that Dy, = G,p —
CpaCyq' Coy ~ Wy (K — g, 1,) /K. The fact that Dy, follows a (scaled)

Wishart distribution and its independence of (Cpq, Coq) are the two
key properties of Dy, that drive our F and ¢ limit theory. For kernel
LRV estimation, D,, will be neither Wishart nor independent of
(Cpg. Cqq)- So an exact F or ¢ limit theory is not possible.

Remark 2. When ¢ = 0, we have J; = 0, and the J-statistic

correction factor (1 + J;/K)~! reduces to unity. In this case, it is

not difficult to show that

Wy Dy, S > 1B,(1)C=1B, (1) 2 7
T, Dr,{ T_>E p(1) op p(1) = mfp,l(—pﬂ,

Tr 5 B, (1) /{/Cp = T forp = 1.

These are identical to what is established in Sun (2013) for
the Wald and t tests based on the first-step estimator. This is
expected, as when g = 0, the optimal weighting matrix becomes
irrelevant, and the first-step estimator and two-step estimator
become numerically identical.

Remark 3. It follows from Theorem 1(c) that

1 A d q d qu
—JrOr) > ————Fpk—qt1=—5— (8)
K K—q+1""77 7 2

for two independent chi-square random variables qu and X]%_q-{_‘l'

See also Sun and Kim (2012). So, as K increases for a fixed g,
Jr/K approaches zero and the modified GMM test statistics be-
come close to the original GMM statistics. The multiplicative
correction (1 + Jr/K)~! can be regarded as a finite sample
correction under the conventional increasing-smoothing asymp-
totics. For the same reason, the other multiplicative correction
(K —p —q+ 1) /K can be regarded as a finite sample correction,
as(K—p—-q+1)/K — 1as K — oo. This correction factor can
be motivated from the Bartlett correction. Sun (2013) provides de-
tailed discussions.

On the basis of Theorem 1(a) and (b), we can construct
asymptotically valid F, and T, tests. For example, for the Wald
type test with the significance level «, the F, test rejects the null if
the unmodified Wald test statistic, Wy, is greater than the critical
value ?';j"‘, the (1 — o) quantile of the limiting distribution ..
The reference distribution F, is not standard, and the critical value
F.1=% has to be obtained by simulation.

To avoid having to simulate #,, we note that A =
Cquq*qqu (1) is independent of B, (1) and D,,. So, conditional on

K—p—q+1
K
4 K—p—q+1[B (1) — A]' D,/ [B, (1) — 4]
- K p

d
= Fpx—pqr1(1A1%).

Unconditionally, [(K —p — q+ 1) /K]¥ follows a mixed non-
central F distribution, i.e., a noncentral F distribution with a ran-
dom noncentrality parameter. Approximating ||A||? by 8% =
E || A||?, we obtain the noncentral F approximation Fp.K—p—q+1 (8%,
which is the basis of the noncentral F test proposed in Sun (2014b).
More specifically, the noncentral F test employs an unmodified test
statistic and uses the critical value

K 1-a 2 2 2
K—p=aF1 T Fokpar (8%) for 8> =E|Al* =

Foo

pq
K—q+1

where ﬁf;fp_qH (82) is the (1 — @) quantile of the noncentral F

distribution % x—p—q+1 (82). The noncentral F test is convenient,
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but the above critical value is an approximation to the exact
nonstandard critical value ...

Using Theorem 1 and the continuous mapping theorem, we
have:

s K—-p—q+1 W@
WE @) = p—q+ T(AT)
K 1+ Jr(0r)/K
i K—p—q+1 % K—p—q+1
- = Ep pp S}:h
K 14+ Joo/K pK
where £, is defined by
- By (1) = CpgCog'Bq (1) By (1) — GpgCoy'Bq (1) (©)
P VT+ 3o/K

\/1 + By(1)Coq'By(1) /K

Another key result that drives the F and t limit theory is that
&) ~ N(0, I). To show this, we note that conditional on By (-) =
{B4 (r) : r € [0, 11}, B, (1) and Gy, are independent normals. They
are conditionally independent because C,q depends on B, (-) only
through f01 & (rydB, (r) for k = 1,...,K and each of these
variates is conditionally independent of B, (1), as their conditional
covariance is

1
cov [/ Dy (r) dBy(r), By (1)]
0

1 1
= cov |:/ @y (r) dBy (1), / dB, (r)]
0 0

1
:/ @y (r)dr = 0.
0
Hence conditional on B, (-), we have
B, (1) — CpgCpy'Bq (1)

~ N (0,1, + E [ GpgCpy' By (1) By (1) Cp ' Cp| B4 (0)]) - (10)
In Appendix A, we show that
E [ GpgCoq'Bq (1) Bq (1) Cpp Cop | Bq ()]

=1 By (1) Coy'By (1) /K. (11)
So conditional on By (+), §, ~ N(0, I). Given that the conditional
distribution N (0, I,) does not depend on the conditioning variable,
&, is independent of By (-), and N(0, I,) is also the unconditional
distribution of &,. Combining this with the independence of &,
from D, we conclude that pF./ (1 4+ $oo/K) = Sp oy 1, follows
Hotelling’s T? distribution. Using the relationship between the T2
distribution and the standard F distribution, we obtain Part (a) of
Theorem 2. Other parts can be similarly obtained. In particular,
Parts (b) and (c) follow because, as shown by Sun (2014b), the

asymptotic equivalence of Wr, Dr, and St continues to hold under
the fixed-smoothing asymptotics.

Theorem 2. Let Assumptions 1-5 hold. Then, for a fixed K as T —
00, we have:

(a) Wy —d>3t};l< —p—q+1
(b) DS —>pr —p—q+1;
(c) St —>7‘}K —p—g+15
(d) T -5 7.

Remark 4. £, ~ N(0,I,) holds only for the case of series LRV
estimation but not for the case of kernel LRV estimation. The
conditioning argument we use to establish this result is different
from that in Sun (2014b): the conditioning variable here is Bq ),
which can be reduced to g, while the conditioning variable in Sun
(2014b)is A = CpeCy, 1Bq (1). Different conditioning strategies lead
to different dlstnbutlonal approximations.

Remark 5. Since &, is independent of B (-), &, is independent of
both By (1) and Cyq. Note that Dy, is also independent of B; (1) and
Cyq- SO é;Dp’plép is independent of B, (1)" C;,'By (1). Now

1 o
foo - (gp P fp) T+ EBq(]) Cyq Bo(D)

1
Fpk—p—q+1 - <1 + E%oo)
d K

q
=—  Fok—p_ 1T+ —F 12
K_p_qi1 Tpkre (+K—q+1 0K q+1> (12)

where ¥, x—p—q+1 1S independent of ¥ x_q4+1. This gives another
characterization of the nonstandard limiting distribution devel-
oped by Sun (2014b). It can be used to simplify the simulation of
the nonstandard distribution F.

a4 K
T K—-p—q+1

Theorem 2 allows us to perform asymptotically valid F and ¢t
tests. Consider the Wald type test as an example. The level-a F
test rejects the null if the modified Wald statistic is larger than
Tpl,,;fp_qﬂ, the (1 — «) quantile of the F distribution %p x_p—g+1.
For easy reference and to contrast it with the nonstandard F, test,
we call the test the standard F test. It is the same as the test based

on the original test statistic Wy but with the modified critical value

1 K 1—0
I | Faryry XSS B .

Compared with the chi-square critical value x, = /p where x, i
the (1 — o) quantile of the chi-squared distribution sz, the above
critical value is larger for three reasons. First, ?’pl’,;fp_q 1> X;*"‘ /p
due to the random denominator in the F distribution. Second,
K/(K—p—q+1) > 1forq > Oorp > 1.Third, 1 4+ J;/K > 1
almost surely for ¢ > 0. A direct implication is that the chi-
square critical value is too small, especially when q is large and
K is relatively small. The small value of K can be empirically very
relevant, as the moment process in economic applications often
has high autocorrelation (e.g., Miiller, 2014), which calls for a small
value of K. Using the chi-square critical value can therefore lead to
the finding of statistical significance that does not actually exist.

If we use the kernel LRV estimator, then we can choose an
equivalent K value and use the critical value in (13). According to
Sun and Kim (2012), the equivalent K value is given by the integer
that is closest to

[fol ky (r, 1) dr]2

fol fol [ky(r, $)]2 drds
where

e =k (5) = (5w [ ()
INECYES

b = M/T for the truncation lag parameter M, and k (-) is the kernel
function used in the LRV estimation. This procedure can be justified
under the conventional asymptotics under whichb — 0,bT — oo
as T — oo, as in this case, the equivalent K value approaches co
and the critical value in (13) approaches the chi-squared critical
value XI}*"‘/p. In fact, as b — 0, we can take

1
’7b I kz(x)dx—‘

which provides a good approximation to (14). Here ffooo k2 (x)dx =
2/3,0.54, and 1 for the Bartlett, Parzen, and quadratic spectral
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kernels, respectively. However, under the fixed-b asymptotics, the
standard F distribution is not the exact limiting distribution. So,
strictly speaking, we cannot justify this procedure under the fixed-
b asymptotics. For this reason, one may argue that we should
just simulate the nonstandard distribution and use the exact
nonstandard critical value. However, the approximate critical
value in (13) with an equivalent K is convenient to use and may
be more appealing in applied research.

To compare the standard F test with the nonstandard F, test,
we note that, using (12):

a=P (?’oo > ?’OL_O‘)

P K % 14 Fo
= —_—m e —_ >
K—p—q+1 p,K—p—q+1 Kgoo oo
Fle K—-p—qg+1
=1—EGpx—p—qt1 = )
1+ Joo/K K

where Gp x_p—q+1 () denotes the CDF of #, x_p—q+1. That is, the
asymptotic level of the nonstandard F,, test is @« when averaging
over all realizations of g~.. Conditional on g, the asymptotic level

1S
1 Fle K—p—q+1
PP\ 1 4 g0 /K K ’

which is strictly increasing in Jo.. So when the J statistic is
large, which implies a large value of §., in large samples, the
nonstandard F,, test is expected to reject the null more often.
In contrast, for the standard F test, the critical value in (13) is
random and depends on the J statistic. It thus can be regarded as a
conditional critical value. With a critical value that is tailored to the
realized J statistic, the asymptotic conditional level of the standard
F test is fixed at « regardless of the value of the J statistic.

One may wonder why the original GMM Wald statistic Wr
ignores the J-statistic correction factor. The reason is that the
underlying variance estimator is based on the conventional
“sandwich” formula, which is derived under the conventional
increasing-smoothing asymptotics where K — ocoas T — oo.
Under this type of asymptotics, the asymptotic variance of the two-
step GMM estimator is §211.2, and so an is a natural estimator
of the asymptotic variance. No J-statistic correction seems to be
needed. However, under the fixed-smoothing asymptotics, we
have:

T
Z e — Eyie) /NT
=

ﬁ(ér,cmm —6) = (Ips _B) T
Z}’Zt/ﬁ
t=1

5 (212)' 2 [By (1) = BBy (1]

where B, = CpoC,'-
Some simple calculations show that the conditional asymptotic

variance' of Or gy conditional on Bq (+) satisfies

aVal‘(éT,GMM|Bq () = 212 (1 * %) ’

When we use the conventional “sandwich” formula for variance
estimation, which attempts to estimate £211., only, we effectively
ignore the term that involves g.. This will not cause any
problem for asymptotic pivotal inference but will prevent us from

1 The conditional asymptotic variance refers to the variance of the asymptotic
distribution of ~/T (r cum — 6o) conditional on some variate.

developing the F limit theory. The modification we propose can
be regarded as the multiplicative variance correction that takes
into account the extra asymptotic variance term under the fixed-
smoothing asymptotics. More specifically, instead of using 11,
we use 911.2(1 +Jr/K),asample analogue of £211.5 (1 + Joo/K),as
the asymptotic variance estimator. This gives rise to the modified
statistic W¢.

4. Asymptotics under local alternatives

We examine the asymptotic distributions of the GMM test
statistics under the local alternatives

Hy: ROy =1+ 80 /T, (15)

where §p is a p x 1 non-zero vector that describes the local
departure from the null hypothesis. Under H;, we have a
triangular array data generating process. For the sake of notational
convenience, we suppress the dependence of the model parameter
6p on the sample size T.

Let Xﬁ(k) be the noncentral chi-square distribution with
noncentrality parameter A. Under the conventional increasing-
smoothing asymptotics, it is not difficult to show that under the
local alternative hypotheses:

d d
Wr, Dr, Sr = x2(I181%)/p and Ty — N(3, 1),

where § = A?BO is the scaled local deviation parameter, and the
scaling matrix Ag is a matrix square root of the asymptotic variance
of RAy, that is, ArA, = R(G'271G)~IR'. See, for example, Theorem
5.7 in Hall (2005) for detailed derivation.

As K increases, both the J-statistic correction and the multi-
plicative Bartlett correction disappear. So, under the conventional
increasing-smoothing asymptotics, the limiting null distributions
of the original GMM statistics and the modified statistics are iden-
tical. The limiting distributions under the local alternatives are also
the same. However, under the fixed-smoothing asymptotics, they
have different limiting distributions under the local alternatives, as
they do under the null.

Let

5 8 A8
I VTT /K JTF guo/K

K

P (190) =y Sorermen (1) [

and

- d K _ 1
Too(8) = K—q - Tk—q (51) 41+ Eﬂoo,

2
where %, k_p—q11(]|8]|) and Tic_q (8)) are noncentral #, x_p_q+1
and Jg_q distributions with random but independent noncen-

trality parameters ||8] ||2 and §j, respectively. In other words,

Fpi—p—ar1(]8]|?) and Tic—q (&) are mixed non-central F and t dis-
tributions. The following theorem establishes the asymptotic dis-
tributions of the original GMM test statistics and their modified
versions under the fixed-smoothing asymptotics.

Theorem 3. Let Assumptions 1-5 hold under the local alternatives
in (15). Then, for a fixed K as T — oo, we have:

(@) Wr, Dy, S = Foo (|8 |):
(b) Tr > 7o (5)):

C C C d T 2
(c) Wi, D5, S5 — fp,l<—p—4+1(||51 “ );
(d) T 5 Ti—q (5) -
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It follows from Theorem 3 that the asymptotic local power
function of the nonstandard F., test is

m=m(8I”; e, K. p, q)
1
?}J,Kfpqu(H‘S] Hz) (1 + ng) = $010a1|

Fle K _p— 1
0 p—q+ (16)
1+ Joo/K K

and that the asymptotic local power function of the standard F test
is

7 =a(I811”; &, K, p, q)

K
=p|—
K—p—q+1

=7 [Foscpeana(fa ) >

2 ~1—
=P [ﬂl#pwﬂ(”‘sl 1) > fp,1<fp—q+1] . a7)

So, conditional on ., 7€ > 7 if and only if
Fl-a - Fo® K—p—q+1

pK=p=a+l =1 4 g /K K '
That is, conditional on g, 7€ > 7 if and only if

:}71—0{
Joo < —2—((K—-p—q+1) —K.
Fpip-gn1

When the J statistic is small enough, we expect the standard F
test to be (asymptotically and locally) more powerful than the
nonstandard F,, test among the DGP’s that yield more or less the
same small value for the J statistic. We have shown before that
the standard F test has the exact asymptotic level conditionally on
the J statistic and unconditionally. In view of both size accuracy
and power improvement, we recommend the standard F test when
the J statistic is small. When the J statistic is large, the standard F
test still has the exact asymptotic level, but the power advantage
may not be present any longer. In this case, if we prefer a test with
accurate asymptotic level both conditionally and unconditionally,
then the standard F test is still our choice.

While the conditional power comparison is useful, we may
also want to compare the unconditional power, which entails
integrating the conditional power function with respect to the
probability distribution of g.. In Tables 1-3, we report the
two local asymptotic power functions 7 (||8?; «, K, p, q) and
(1801 ; @, K, p, q) forae = 0.05,K =8 ~ 24,andp,q =1~ 3
and selected values of the local deviation parameter ||4]|. Figs. 1-3
plot the difference between the two power functions, 7€(-) — 7 (-),
forp = 3, K = 8 ~ 24,and ¢ = 1 ~ 3. For most values of
the local deviation parameter ||§|| considered, the power of the
standard F test dominates that of the nonstandard F,, test for
K = 8 ~ 12. However, the power difference between the two
tests is relatively small, mostly between —0.5 percentage point
and 2 percentage points. The power advantage of the standard
F test becomes more visible as the degree of overidentification
q increases. For example, when (K, p, q) is equal to (8, 3, 3), the
power advantage can be as high as 5 percentage points while the
power advantage is only around 2 percentage points when q is
equal to 1. The power advantage of the standard F test decays and
drops to zero when K increases and becomes larger than 24. This
is consistent with our asymptotic theory.

5. Simulation evidence

We follow Sun (2014b) and consider a linear model of the form:
Ve =x0+ &y

where x; := (1, X1, Xa.r, X3,1)' is a vector of endogenous regres-
sors. The unknown parameter vector is 6 = (yo, ¥1, ..., Ya—1) €

RY. We have m instruments 20> Z1,ts - -+ » Zm—1,t With zg; := 1. The
reduced-form equations for x; ¢, X, ; and x3 ; are given by

m—1
Xt =2z + Zzi,f + &xe forj=1,...,d— 1.
i=d
We consider two different experiment designs: the autoregres-

sive (AR) design and the centered moving average (CMA) design.
In the AR design, each z;; follows an AR(1) process of the form
Zie = pzie—1 + /1— pe, where e, = (el +e5)/+/2 and
ec = [€%, el ....ell ' ~ iidN(0, I,). By construction, z; has
unit variance for all i > 1, and the correlation coefficient be-
tween the non-constant z;; and z;, for i # j is 0.5. The DGP for
& = (&yes Exyts Exgt €X3[)/ is the same as that for (z1¢, ..., Zm—1.)
except that there is a difference in the dimension. The two vector
processes &; and (zu, el qu,f) are independent of each other.
We take p = +0.95, +0.85, +0.50, and 0.

In the CMA design, ¢, ; is a scaled and centered moving average

of an iid sequence ¢,; = Z;:_L er4j/~/2L+ 1 where e, ~
iidN (0, 1) and L is the number of leads and lags in the average.
The instruments are generated according to zy = [e;_j4+i—1 —
QL+ 17" Y eylV/@L+ 1)/2fori = 1,....,m — 1. The
error term in the reduced-form equation is given by &y, =
(ey.c +ex.t) /~/2 where ey.c ~ 1idN(0, 1) and is independent of
the sequence {e;}. We take L = 3, 6, and 9.

We consider ¢ = 0, 1,2 and d = 4 with the corresponding
numbers of moment conditions m = 4, 5, 6. The null hypotheses
of interest are

Ho1 : y1 =0,
Hp : Y1 =92 =0,
Hoz : 1 = v2=y3 =0.

The numbers of joint hypotheses are p = 1, 2 and 3, respectively.
We consider three different sample sizes T = 100, 200, 500 and
two significance levels « = 5% and « = 10%. We focus on the Wald
type of test, but the simulation results are qualitatively similar for
other types of tests.

We examine the empirical size of four different two-step
tests. The first three tests are based on the same unmodified
Wald test statistic, so they have the same size-adjusted power.
The difference lies in the critical values used. We employ the
following critical values: X;*“/p, ﬁﬂl’;fp_q“[pq/ﬂ( —
g — 1], and F17%, leading to the x? test, the NCF (noncentral
F) test, and the nonstandard F,, test. The x2 test uses the
conventional chi-square approximation. The NCF test uses the
noncentral F approximation. The F,, test uses the nonstandard
Foo approximation with simulated critical values. The fourth test
is the standard F test proposed in this paper, which is based on
the modified Wald statistic W5 and uses the standard F critical
value 3?;,231,7 +1- Equivalently, our proposed test is based on the
same unmodifqled Wald test statistic as the first three tests but uses
the critical values given in (13). For each test, the initial first-step
estimator is the IV estimator with weight matrix W, = Z'Z/T
where Z is the matrix of instruments.

We use the basis functions @,;_;(x) = V2 cos 2jmx, @y(x) =
V2sin2jnx,j = 1,..., K /2 and assume that K is even. In this
case, the series LRV estimator can be computed using discrete
Fourier transforms. We select K (and round it to an even number)
based on the AMSE criterion implemented using the VAR(1) plug-
in procedure in Phillips (2005), which is similar to the plug-in
procedure of Andrews (1991). We compute the data-driven K on
the basis of the initial first step estimator r and use itin computing
both Wy (fr) and Wr (6r).
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Table 1
Asymptotic local power of the nonstandard F,, and standard F tests (p = 1, & = 0.05).
K q Tests 18112
0.5 1.0 2.0 3.0 5.0 7.0 10 15 21 25 30
1 Fx 0.091 0.123 0.207 0.286 0.435 0.557 0.715 0.864 0.950 0.978 0.990
Fpk—p—g+1 0.095 0.128 0.216 0.294 0.444 0.569 0.721 0.867 0.947 0.973 0.986
8 2 Fo 0.080 0.108 0.174 0.234 0.348 0.467 0.606 0.778 0.899 0.938 0.968
Fp k—p—gq+1 0.084 0.115 0.189 0.252 0.374 0.494 0.634 0.792 0.895 0.929 0.959
3 Fx 0.074 0.096 0.140 0.184 0.277 0.377 0.494 0.654 0.806 0.859 0.908
Fpx—p—q+1 0.078 0.107 0.162 0.216 0.313 0.427 0.536 0.683 0.821 0.866 0.905
1 Fo 0.094 0.141 0.234 0.328 0.490 0.630 0.788 0.922 0.977 0.992 0.996
Fp.k—p—g+1 0.093 0.141 0.238 0.332 0.494 0.631 0.787 0.920 0.976 0.991 0.995
12 2 Feo 0.090 0.131 0.211 0.290 0.450 0.584 0.735 0.882 0.960 0.980 0.992
0.095 0.133 0.214 0.301 0.460 0.597 0.741 0.883 0.958 0.977 0.990
Fpk—p—q+1

3 Fso 0.080 0.121 0.188 0.257 0.394 0.524 0.671 0.837 0.935 0.963 0.983
Fpk—p—g+1 0.084 0.129 0.200 0.273 0.416 0.545 0.684 0.845 0.930 0.957 0.977
1 Fo 0.098 0.151 0.249 0.347 0.524 0.672 0.821 0.937 0.985 0.996 0.998
Fp.k—p—g+1 0.097 0.153 0.252 0.348 0.524 0.675 0.820 0.935 0.983 0.995 0.998
16 2 Feo 0.093 0.144 0.227 0.319 0.488 0.626 0.787 0.915 0.978 0.992 0.997
Fok—p—q+1 0.095 0.146 0.233 0.325 0.492 0.628 0.794 0.913 0.974 0.991 0.997
3 Foo 0.091 0.134 0.216 0.294 0.452 0.591 0.743 0.895 0.965 0.983 0.995
Fok—p—g+1 0.093 0.137 0.224 0.301 0.460 0.603 0.747 0.891 0.958 0.980 0.992
1 Fo 0.100 0.152 0.256 0.357 0.537 0.685 0.830 0.950 0.988 0.997 1.000
Fp k—p—q+1 0.102 0.155 0.258 0.356 0.538 0.688 0.830 0.950 0.987 0.996 0.999
20 2 Fso 0.098 0.144 0.248 0.338 0.514 0.656 0.805 0.932 0.983 0.994 0.998
Fpx—p—q+1 0.098 0.145 0.252 0.342 0.518 0.658 0.808 0.931 0.980 0.993 0.998
3 Fso 0.095 0.136 0.229 0.317 0.481 0.633 0.775 0.921 0.977 0.989 0.997
Fpk—p—g+1 0.099 0.140 0.234 0.321 0.489 0.638 0.776 0.920 0.976 0.988 0.995
1 Feo 0.110 0.151 0.257 0.368 0.556 0.692 0.840 0.950 0.989 0.997 0.999
Fp.k—p—g+1 0.110 0.154 0.256 0.370 0.557 0.692 0.839 0.950 0.989 0.997 0.999
24 2 Fo 0.095 0.147 0.252 0.350 0.524 0.674 0.826 0.943 0.984 0.995 0.998
Fok—p—q+1 0.095 0.150 0.255 0.352 0.527 0.675 0.825 0.944 0.983 0.994 0.998
3 Foo 0.092 0.145 0.244 0.344 0513 0.648 0.806 0.932 0.982 0.993 0.998
Fok—p—g+1 0.094 0.151 0.247 0.347 0.520 0.654 0.809 0.932 0.980 0.992 0.998

The table computes the asymptotic local power functions 7z (-) and ¢ (-) of the nonstandard F, test and the standard F test, respectively. The nonstandard F, test employs
the conventional statistic, i.e., Wy, and the nonstandard critical value 'f‘;j”. The standard F test employs the modified statistic, i.e., W, and the standard F critical value

fpl,l;gp*qﬂ'

We also compare the size-adjusted power of the proposed
standard F test with that of the nonstandard F., test. The data
is generated under the local alternative H; RO = cofp /ﬁ
where ¢y is a scalar and £, is the p-vector of ones. The two
tests use the same data-driven smoothing parameter K. To make
the power comparison meaningful, we compute the power using
the empirical finite sample critical values obtained from the null
distribution. That is, we compare the size-adjusted power. It should
be pointed out that size-adjustment is not feasible in practice.

Tables 4 and 5 report the finite sample size of the four
tests for T = 100 and « = 5%. The number of simulation
replications is 10,000. It is clear that all three tests, the standard
F, nonstandard F.,, and noncentral F tests, perform very well
when the processes are not strongly autocorrelated, say when p
lies between (—0.85, 0.85). Like the latter two tests, the standard
F test is much more accurate in size than the conventional chi-
square test, which can be highly size-distorted. These qualitative
observations remain valid for other sample sizes and significance
levels.

It should be pointed out that our fixed-smoothing approxima-
tion is established under a fixed data generating process where |p|
is strictly less than 1. The approximation is therefore a pointwise
approximation with an approximation error that may not be uni-
formly small over all p € (—1, 1). In particular, the approximation
error may not be small when |p| is very close to 1, singular limit-
ing scenarios pointed out by Preinerstorfer and Pétscher (2016).2
Table 4 indicates the size distortion of our standard F test can reach

2 We thankan anonymous referee for pointing this out. Note that the variance of
the innovations in our DGP: z;; = pz;,—1 ++/1 — p?e;  depends on ptAsp — 1
or —1, the DGP approaches the singularity points of Preinerstorfer and Potscher
(2016). It should be pointed out that for this DGP the limiting case under p — 1
does not correspond to a unit-root process. To accommodate a unit root or near
unit root process, we need to consider the DGP: z;; = pzj—1 + e . Under this
alternative DGP, we find that the finite sample performance of the F tests relative
to that of other tests are qualitatively similar. The difference is that ‘p — —1’" does
not cause large size distortion for all tests.
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Table 2
Asymptotic local power of the nonstandard F., and standard F tests (p = 2, o = 0.05).
K q Tests 81>
0.5 1.0 2.0 3.0 5.0 7.0 10 15 21 25 30

1 Foo 0.075 0.093 0.139 0.188 0.285 0.372 0512 0.682 0.836 0.890 0.936
Fpk—p—g+1 0.076 0.094 0.144 0.196 0.297 0.393 0.531 0.696 0.838 0.889 0.934
8 2 Foo 0.065 0.082 0.113 0.143 0.218 0.287 0.399 0.555 0.707 0.779 0.848
Fp k—p—g+1 0.066 0.086 0.121 0.157 0.242 0.320 0.436 0.588 0.729 0.799 0.856
3 Foo 0.059 0.071 0.093 0.115 0.167 0214 0.290 0.403 0.541 0.603 0.679
Fok—p—q+1 0.059 0.075 0.103 0.129 0.192 0.250 0.335 0.459 0.596 0.656 0.722
1 Fso 0.074 0.105 0.163 0.226 0.346 0.480 0.631 0.816 0.926 0.965 0.983
Fok—p—g+1 0.077 0.106 0.165 0.233 0.353 0.488 0.636 0.818 0.925 0.962 0.982
12 2 Foo 0.073 0.093 0.143 0.195 0.304 0.420 0.565 0.745 0.886 0.934 0.964
Fp k—p—g+1 0.074 0.097 0.151 0.208 0.317 0.434 0.583 0.757 0.886 0.931 0.961
3 Fx 0.066 0.090 0.135 0.168 0.262 0.361 0.492 0.674 0.823 0.877 0.939
Fp k—p—g+1 0.066 0.094 0.144 0.184 0.288 0.390 0.522 0.697 0.833 0.882 0.934
1 Foo 0.083 0.108 0.172 0.248 0.388 0514 0.680 0.854 0.950 0.976 0.992
Fpk—p—g+1 0.083 0.112 0.176 0.254 0.394 0519 0.684 0.855 0.951 0.976 0.991
16 2 Foo 0.076 0.102 0.173 0.234 0.358 0.482 0.640 0.820 0.934 0.963 0.984
Fp k—p—g+1 0.076 0.103 0.179 0.239 0.369 0.491 0.650 0.820 0.931 0.960 0.984
3 Foo 0.076 0.101 0.152 0.203 0.321 0.434 0.594 0.783 0.903 0.943 0.976
Fok—p—q+1 0.077 0.104 0.156 0.213 0.337 0.452 0.609 0.792 0.903 0.940 0.970
1 Fso 0.085 0.109 0.186 0.253 0.406 0.549 0.711 0.883 0.966 0.985 0.995
Fok—p—g+1 0.085 0.113 0.187 0.255 0.409 0.552 0.713 0.884 0.964 0.984 0.995
20 2 Foo 0.076 0.110 0.172 0.244 0.394 0.520 0.694 0.858 0.955 0.978 0.991
Fp k—p—g+1 0.077 0.111 0.179 0.248 0.399 0.529 0.697 0.858 0.952 0.977 0.989
3 Fx 0.079 0.097 0.169 0.229 0.363 0.500 0.656 0.821 0.934 0.969 0.986
Fp k—p—gq+1 0.080 0.099 0.170 0.233 0.373 0.509 0.664 0.823 0.931 0.966 0.983
1 Foo 0.082 0.123 0.197 0.273 0.425 0.570 0.733 0.898 0.972 0.988 0.996
Fpk—p—g+1 0.082 0.124 0.199 0.275 0.429 0.572 0.733 0.900 0.972 0.986 0.996
24 2 Foo 0.083 0.115 0.184 0.254 0.415 0.547 0.706 0.878 0.959 0.982 0.996
Fp k—p—g+1 0.083 0.117 0.188 0.259 0.418 0.551 0.711 0.876 0.959 0.983 0.995
3 Foo 0.079 0.115 0.175 0.258 0.384 0514 0.680 0.857 0.955 0.977 0.991
Fok—p—q+1 0.081 0.120 0.179 0.261 0.392 0.523 0.685 0.859 0.956 0.974 0.990

See footnotes to Table 1.

23% when |p| = 0.95,p = 3 and q = 1. Interestingly, the fixed-
smoothing asymptotic tests still outperform the conventional chi-
square test whose size distortion can be as high as 65%.

Figs. 4 and 5 report the size-adjusted power of the nonstandard
F, test and the standard F test foroo = 5% and T = 100. There is no
real difference between the two power curves. In fact, the standard
F test can be slightly more powerful in some scenarios, which is
consistent with the local power analysis in Section 4. Note that the
size-adjusted power of the nonstandard F, test is the same as that
of the conventional chi-square test, the standard F test is therefore
as powerful as the conventional chi-square test.

Our finite sample simulation evidence lends strong support
to the standard F test: it enjoys the same good size and power
properties as the nonstandard F,, test, but it is easier to use, as the
critical values are readily available from statistical tables, and no
simulation or approximation is needed.

6. Conclusion

This paper has proposed a modification to the trinity of test
statistics in an efficient two-step GMM framework. Each modified

test statistic is a function of the original test statistic and the usual
] statistic for testing overidentification. We show that the modified
test statistics are all asymptotically F or t distributed. This leads to
standard F and t tests that are based on the modified test statistics
and use the standard F or t critical values. Simulation shows that
the standard F tests have the same finite sample performance as
the nonstandard tests recently proposed by Sun (2014b), but the
standard F tests are much easier to use.

The paper complements Sun (2011, 2013, 2014a) which
establish the F and t limit theory for the tests based on the first-
step GMM estimation and the J test. When the series LRV estimator
is used, the F and t limit theory appears to be applicable to all
common tests in the first-step and two-step GMM settings.

There are a number of interesting extensions. The results of the
paper can be easily extended to the continuous updating GMM
(CU-GMM) framework. Recently, Zhang (2016) has shown that the
Wald statistic based on the CU-GMM estimator has the same fixed-
smoothing limit as what Sun (2014b) obtains in the two-step GMM
framework. Given this, it is easy to see that our results hold without
change if the CU-GMM estimator is used instead. Following the
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Table 3
Asymptotic local power of the nonstandard F., and standard F tests (p = 3, « = 0.05).
K q Tests 811
0.5 1.0 2.0 3.0 5.0 7.0 10 15 21 25 30

1 Foo 0.061 0.075 0.106 0.134 0.195 0.270 0.365 0.506 0.665 0.747 0.814
Fp.k—p—g+1 0.062 0.077 0.109 0.138 0.205 0.278 0.379 0.521 0.684 0.759 0.822
8 2 Foo 0.056 0.065 0.084 0.111 0.152 0.193 0.264 0.377 0.503 0.577 0.652
Fp.k—p—g+1 0.058 0.066 0.090 0.116 0.165 0.212 0.292 0.410 0534 0.609 0.678
3 Foo 0.057 0.060 0.067 0.086 0.115 0.146 0.185 0.244 0.323 0.373 0.432
Fok—p—q+1 0.057 0.063 0.075 0.097 0.131 0.169 0.207 0.287 0.370 0.418 0.488
1 Foo 0.069 0.086 0.132 0.181 0.284 0.365 0514 0.707 0.843 0.907 0.947
Fok—p—g+1 0.070 0.088 0.136 0.186 0.289 0.376 0518 0.711 0.845 0.908 0.946
12 2 Fxo 0.063 0.085 0.120 0.157 0.236 0.321 0.438 0.624 0.779 0.852 0.909
Fp k—p—q+1 0.066 0.089 0.128 0.167 0.251 0.341 0.462 0.641 0.790 0.859 0.912
3 Fxo 0.062 0.076 0.099 0.132 0.201 0.259 0.364 0.526 0.691 0.760 0.836
Fp k—p—q+1 0.065 0.080 0.109 0.143 0.223 0.291 0.397 0.558 0.712 0.783 0.850
1 Foo 0.066 0.090 0.146 0.193 0.312 0.422 0.583 0.775 0.899 0.947 0.975
Fp.k—p—g+1 0.066 0.091 0.149 0.198 0.318 0.427 0.589 0.777 0.898 0.947 0.975
16 2 Foo 0.068 0.094 0.135 0.183 0.289 0.392 0.522 0.724 0.873 0.922 0.961
Fp.k—p—g+1 0.069 0.095 0.138 0.188 0.297 0.404 0.530 0.735 0.874 0.922 0.958
3 Fo 0.065 0.080 0.124 0.169 0.250 0.348 0.489 0.668 0.829 0.893 0.944
Fok—p—q+1 0.067 0.086 0.133 0.179 0.266 0.367 0.505 0.685 0.837 0.896 0.942
1 Foo 0.071 0.099 0.153 0.217 0.326 0.463 0.628 0.815 0.927 0.963 0.988
Fok—p—g+1 0.072 0.099 0.154 0.220 0.331 0.466 0.629 0.815 0.927 0.962 0.987
20 2 Fxo 0.070 0.100 0.142 0.197 0.316 0.428 0.582 0.779 0911 0.957 0.979
Fp k—p—q+1 0.072 0.101 0.148 0.205 0.324 0.437 0.591 0.785 0913 0.956 0.978
3 Fx 0.069 0.089 0.138 0.183 0.292 0.391 0.545 0.740 0.881 0.937 0.970
Fp k—p—g+1 0.069 0.091 0.141 0.189 0.301 0.402 0.558 0.747 0.883 0.936 0.968
1 Foo 0.079 0.102 0.155 0.233 0.359 0.488 0.636 0.828 0.945 0.973 0.989
Fp.k—p—g+1 0.077 0.104 0.156 0.234 0.360 0.490 0.643 0.829 0.945 0.973 0.989
24 2 Foo 0.070 0.095 0.156 0.216 0.333 0.452 0.626 0.808 0.928 0.965 0.988
Fp.k—p—g+1 0.071 0.097 0.158 0.218 0.342 0.460 0.628 0.813 0.926 0.966 0.987
3 Foo 0.071 0.097 0.142 0.203 0.316 0.441 0.590 0.787 0914 0.952 0.980
Fok—p—q+1 0.072 0.098 0.149 0.209 0.323 0.450 0.597 0.790 0.915 0.950 0.979

See footnotes to Table 1.

work of Bester et al. (2016) and Sun and Kim (2015), we do not
imagine much difficulty in extending our results to a spatial setting.

Appendix A. Appendix of proofs

Proof of Theorem 1. The marginal weak convergence results in
(a) and (b) have been proved in Sun (2014b, Theorem 1), and the
result in (c) has been proved in Sun and Kim (2012, Theorem 1
and equation (7)). It remains to show that the convergence results
hold jointly. As a representative example, we prove that (a) and
(c) hold jointly. We focus on Wy, as Sun (2014b) has shown that
Dr = Wr4o0p, (1) and Sy = Wr+-0, (1) under the fixed-smoothing
asymptotics.
Let

1 1
W = / / Qc (12 ) dBoy (1) dByy (5)
0 0

and G, = A~'G, which is an m x d matrix, then it follows from
Sun (2014b) and Sun and Kim (2012) that

Wi () S AW A/ (18)
Wr(br) > [R[G/AWQGAPG’AW;B,,,(U]
~ -1
x {R[G’Aw;o]c,,]-lR’}
x {R[G’AWO;1GA]—1G’AWO;‘Bm(1)}/p =%, (19)

I @) > [Bmm)—GA[G’AWOch]”G/AWo;le(U} Wt
x iBm(l) — GA[G’AWO;]GA]’lc’AVN\/Ongm(I)]

= Joo- (20)

In addition, a careful inspection shows that the above convergence
results hold jointly. It remains to show that (¥, ) is equivalent
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Empirical size of the nominal 5% X2 test, noncentral F test, nonstandard F,, test and standard F test based on the series LRV estimator under the AR design with T = 100,

number of joint hypotheses p, and number of overidentifying restrictions q.

2

2

P X NCF Foo F X NCF Foo F X NCF Foo F
p=1q=0 p=2,9=0 p=349=0
—-0.95 0.184 0.135 0.137 0.135 0.330 0.194 0.191 0.194 0.499 0.261 0.265 0.261
—0.85 0.131 0.083 0.085 0.083 0.223 0.098 0.095 0.098 0.355 0.122 0.125 0.122
—-0.5 0.088 0.064 0.064 0.064 0.122 0.066 0.066 0.066 0.169 0.075 0.076 0.075
0.5 0.086 0.061 0.061 0.061 0.137 0.067 0.068 0.067 0.219 0.080 0.081 0.080
0.85 0.145 0.091 0.093 0.091 0.243 0.113 0.110 0.113 0.378 0.140 0.144 0.140
0.9 0.166 0.114 0.117 0.114 0.284 0.143 0.139 0.143 0.429 0.179 0.183 0.179
0.95 0.195 0.140 0.143 0.140 0.349 0.203 0.199 0.203 0.508 0.257 0.260 0.257
p=1g=1 p=2.q9=1 p=3qg=1
—-0.95 0315 0.183 0.179 0.173 0.523 0.246 0.243 0.232 0.701 0.301 0312 0.282
—0.85 0.194 0.089 0.086 0.088 0.346 0.109 0.107 0.107 0.497 0.122 0.128 0.119
—-0.5 0.112 0.061 0.061 0.061 0.173 0.069 0.068 0.068 0.251 0.076 0.076 0.076
0.5 0.128 0.061 0.061 0.065 0.209 0.070 0.070 0.071 0.304 0.079 0.080 0.077
0.85 0.224 0.104 0.100 0.101 0.368 0.117 0.115 0.114 0.546 0.137 0.144 0.133
0.9 0.256 0.127 0.123 0.123 0.430 0.159 0.157 0.153 0.591 0.181 0.190 0.168
0.95 0.315 0.181 0.175 0.166 0.519 0.237 0.235 0.222 0.693 0.290 0.301 0.267
p=1,q=2 p=2,q=2 p=3,q=2
—-0.95 0.398 0.182 0.179 0.160 0.650 0.239 0.224 0.202 0.815 0.274 0.270 0.231
—0.85 0.286 0.096 0.093 0.088 0.462 0.105 0.097 0.095 0.634 0.111 0.108 0.099
—-0.5 0.148 0.059 0.060 0.058 0.241 0.066 0.063 0.065 0.355 0.079 0.078 0.075
0.5 0.169 0.055 0.057 0.055 0.287 0.066 0.063 0.067 0.411 0.074 0.072 0.073
0.85 0.289 0.097 0.095 0.086 0.484 0.113 0.104 0.100 0.672 0.119 0.116 0.102
0.9 0.333 0.126 0.123 0.107 0.544 0.150 0.140 0.131 0.718 0.165 0.161 0.136
0.95 0.390 0.178 0.174 0.148 0.631 0.236 0.222 0.199 0.799 0.259 0.255 0.205

The first three tests 2, NCF and F,, are based on the same unmodified Wald statistic but use different critical values. The x? test uses the chi-squared critical value, the NCF
test uses the noncentral F critical value, and the F,, test uses simulated nonstandard critical value. The standard F test is based on the modified Wald statistic and uses the

standard F critical value.

Table 5

Empirical size of the nominal 5% x? test, noncentral F test, nonstandard F,, test and standard F test based on the series LRV estimator under the centered MA design with
T = 100, number of joint hypotheses p, and number of overidentifying restrictions q.

2

L x? NCF Foo F X NCF Fo F X NCF Fso F
p=149=0 p=2,9=0 p=3,9g=0
3 0.017 0.007 0.007 0.007 0.089 0.030 0.029 0.030 0.201 0.047 0.048 0.047
6 0.030 0.017 0.017 0.017 0.068 0.023 0.022 0.023 0.134 0.028 0.029 0.028
9 0.048 0.029 0.030 0.029 0.079 0.027 0.026 0.027 0.142 0.032 0.033 0.032
p=1qg=1 p=24q=1 p=3,q9=1
3 0.102 0.033 0.031 0.036 0.229 0.057 0.056 0.059 0.299 0.047 0.050 0.049
6 0.106 0.039 0.037 0.046 0.169 0.031 0.031 0.036 0.275 0.034 0.037 0.039
9 0.108 0.035 0.034 0.039 0.159 0.032 0.031 0.034 0.259 0.033 0.036 0.036
p=14g=2 p=249=2 p=349=2
3 0.180 0.046 0.046 0.042 0.286 0.050 0.046 0.042 0.387 0.043 0.043 0.035
6 0.164 0.039 0.037 0.045 0.265 0.036 0.032 0.040 0.425 0.036 0.036 0.039
9 0.165 0.040 0.039 0.043 0.265 0.032 0.029 0.034 0.402 0.032 0.031 0.034
See footnotes to Table 4.
in distribution to and

([By (1 = GouCig'By (V] D3, [B, (1)

— CpgCoq'Ba (D] /P, By(1)C'By(D)) .

Let Upnxm ZmxaV}j, 4 be a singular value decomposition (SVD) of

G . By definition, U'U = UU’ = I,,, VW = V'V = I; and

Adxd
> = ,
o]

where A is a diagonal matrix with singular values on the main
diagonal and O is a matrix of zeros. Then we have:

(G, WL'GAl "G\ WL 'By(1)

=[VEZUWUSV]T'VE'UWLBy(1)

oo

=V[ZUWUZ] ' Z'UWLBna(1)
=V[ZUWLUZ] 'S [UWL'UT[U'Ba(D)].

Bn(1) — GA[G,W.'G417'G W "B (1)

=B,(1) —USV'[VEUW'USVT 'VE'UWL'BL(1)

—U {U/Bm(l) - E[Z/U/Wgoluz]*l):/[U/WQU]U’Bm(U} .

Since [U’WQU,U’Bm(l)] has the same joint distribution as
[WZ!, Bn(1)], we can write

()

where

Foo
Foo

)

~ ~ -~ /
Foo = {RV(E/WO—Olz)—‘E’W;Bm(l)}

~ —1
x {RV(E/WO;‘E)—W/R/}

X RV(Z'WZ'2) ' 'WZ'Bn(1)/p,
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Fig. 1. Difference of the asymptotic local power between the nonstandard F,, test and the standard F test 7°(-) — 7 (-) forK = 8,12,q=1,2,3,andp = 3.

and

Foo = Hlm — E(E’W;E)‘lz‘/vvoj],Bm(l)} w!

- ~ 7
x [Im - z(z’wojz)-lz’wgol] Bn(1).

We proceed to simplify %+, and g, starting with £.,. We write

) and W' = (

=~ _ (Ci Cp2
Woo_<C21 2

C]] C12
CZ] C22>

where C;; and C!! are d x d matrices, C», and C?? are g x g matrices,
and Cy, = Cj,, C'? = (C?')". By definition,

1 pl G Cpa_
Ci =/ / Q(r, 5)dBy(r)dBy(s)’ = ( P per ) (21)
o Jo

pd—p Cd—pd—p

1 1
Co= [ [ Qetr9amacrydp sy = (Ccpq )
o Jo d—p.q

1 p1
Cyp = / / Qx (1, $)dBq(r)dBy(s)' = Cyq
o Jo

(22)

(23)
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Fig. 2. Difference of the asymptotic local power between the nonstandard F, test and the standard F test 7°(-) — () for K = 16,20,q = 1,2, 3,and p = 3.

where Cyp, Cpq, and C,q are defined in (6) and (7), and C4_p.4—p, = @Acla =" (C“)71 (A/)q ,
Cpa—p and Cy_p, are similarly defined. It follows from the

partitioned inverse formula that and so

a7—1 —1
RV(Z'W'Z) 15

11 12
vt @) W w o) (G G

]

_ -1 _
CM = [Cn — Gy o] L €% = =10 Gy

With the above partition of W', we have

RV A
o - ) cll o2\ /A =1
(SWIlE) T = |:(A O’) <C21 ) (o — RV AT [Id, (Cu)—l ClZ]
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Fig. 3. Difference of the asymptotic local power between the nonstandard F,, test and the standard F test 7°(-) — 7 (-) for K = 24,28, =1,2,3,andp = 3.

=RVA ' [ls, —CiG,'] (24) x [RV A7 (ls, —Ci2Cyy')] Bm(1)/p.

and Let Byy(1) = [By (1), By (1)']' and UpspZpxaV,, 4 be a SVD of
RV(Z'W' ) 'R =RVA™ (") (&) T V'R RV A™1, where

As a result, Sped = (Apxp>  Opxia—p)) - (25)
Foo =Bu() [RVAT (Is, —CiaCy')] A is a diagonal matrix, and O is a matrix of zeros. Then

x [RV AT () @) V’R’] 1 Foo = {[12\7’ [B4 (1) — C12C5,'B, (1)]}/
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Fig. 4. Size-adjusted power of two-step 5% F., and F tests based on the series LRV estimator under the AR design with p = 0.5and T = 100.

< [ozv ey tvso]
x USV'[B4 (1) — C12G5y'By (1] /p

- {zv [B4 (1) — C1aC5,'B, (1)]}/ [}:v () \72’]71
X

SV’ [Ba (1) — C12C3,'Bg (D] /p

5 [V/Bd (1) — V€12, By (1)]}’ [2\7/ ™ \72/]7]

x X [V/Bd 1) — V/C12C2313q (])] /p.

Using the same steps, we have

-1
17—1 17—1
In— % [z’woo 2] W

11 12
:1,,,—(’3) [actA]” (4 0) (EZ] Ezz>
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Fig. 5. Size-adjusted power of two-step 5% F, and F tests based on the series LRV estimator under the centered MA design with L = 9 and T = 100.

_ C]] -1 O C]] C]Z o _ C_l_l 1 C12
=1, — <( 02)1 OZ) <C21 sz) x |:<O; ( 13 >Bm(1)]
_, - ( i (c) C”) _ (Ou — (™ Clz) (— (™ c”qu))/ (E; EZ) (_ (! Clqu(1)>

021 02 02, Iq By(1) B4(1)
where Oj; are matrices of zeros with the dimensions as Cj;. So _ (C“)71 C2B,(1) ! 0
= q -1
( B,(1) ) [sz _ 2 (C”) C21] B,(1)

fom [<011 — (™™ Clz) 13,71(1)]/\5/0;l

021 I
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= By(1)' [C22 —ct(emy! c“] B,(1)
= By(1)'C;.'By(1).

In the last equality, we have used [C?? — C?! (C“)71 2t =
Cy2 = Cyq, which follows from the partitioned inverse formula.

Noting that the joint distribution of [V'By(1), V'Cyz, Coa, V

(e

(7)=(%)

where

\7] is invariant to the orthonormal matrix V, we have

-1

= {5 [Ba () — CoC'B (]) [£ ()" ]
x 5 [Ba (1) — C12C,'B (D] /p

={(A, 0)[Bs(1) —CrCy'B, (V]
<[@ o) G o]

x {(A, 0)[Ba (1) — C12C5'By (D]} /p.

and
Foo = Bo(1)'C.'By(1).
Write
_ D,, D'
11\~ 1 -1 pp
(C) " =Cin—CuCyCa = (DZ] Dzz)

where Dy, = Cpp — GpgCpp' Cpy and D22 isa(d — p) x (d — p) matrix.
and Eqs. (21)-(23), we have

[By (1) — Cpo By (1] /p.

Using the above partition of (C “)

;’; = [BP M
So

(n)* () =(2)* (%)
Ir(0r) Foo Foo Fo )’

This completes the proof of the theorem. ®

-1 /-1
- CPquq Bq (1)] DPP

Proof of Theorem 2. We prove the case with ¢ > 0 only. When
q = 0, the results are the same as those established in Sun (2013)
for the first-step GMM tests.

Part (a). We first prove (11). Let B,(f) (r) be the ith element of
B, (r). Define

CP(i),q = / Qx (r,5) ng) () dBg (r) e R4,

Carg) :/QK (r.s)dBy (r)dBY (r) € R,

which are the ith row of C, and the jth column of Cgp, respectively.
Then the (i, j)th element of the left hand side of (11) can be written
as

E { CP(l’)voq_qqu M Bq (1)/ Cq_qlcq-p(i)| Bq (‘)}

1 E 1 _
- {K 2 (/ Pe, (1) dBy) <’>)

=1

1 1
« (/ @y, (5)dB, (s)/) c,;qu(DBq(l)’qulE
0

. eé ( | "o, (7) dB, (F))

<([ @ezodw)())

“lend

£1,62

Bq ()}

@y, (r) dBY (r)>

x @y, (s)dB (s)) o By (1) By (1) Gt

(L
([ #-m0)
x (/0 @y, (5) dBY (5)) B, (.)}.

Note that the second term in the above equation is a scalar that
depends only on By (-). Taking this term out of the conditional
expectation, we have

E{ cp(b ¢Cog By (1) By (1) o' Cpiy | Bq ()}

=83 ; ( / @0, (1) 1, (1) dr) x ( / 00, (5 ds, (5)/)
x Coy'By (1) By (1) G <f01 @, (F) dB, (F))

= 5,,-1%2 li: </01 @, (s) dB, (s)/> Cpg'By (1) By (1) Cf'

« ( /0 ", (7) dB, (F))

1 K 1
X "B, (1) quZ</O @(s)qu(s))

X (/01 @, (7) dB, (?)/> Cpq'Bq (D)

_ gy, (1
= 2B (1) By (1.

where 8; = 1{i =j}. Here we have used the independence of

BY () from BY’ (-) when i # j and f01 @y, (1) Py, (r)dr = 0 when
£1 # £,. So, conditional on By (+),

B, (1) — CpgCpg'Bq (1) ~ [o, I <1+%Bq(1)/c¢;3q (1))].
That is, conditional on By (-),

B, (1) — CpeCyy' B (1)
\/1 + By (1) Cq'By (1) /K
But N(0, I;) does not depend on By (-), so

B, (1) — CpgCyy'Bq (1)
V1B (1) Cg'By (1) /K

unconditionally. In addition, &, is independent of Dy,. Using these
results, we have

~ N(O, I).

& =

~N(0, I)

Foo a EDE a X /D
1+B, (1) Ca'B;(D /K P Xipgrt/K
a K X3 /P
S K=p—a+D i, g/ K—p—q+1)

K

=

pK p—q+1-

K—p—q+1)
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In view of Theorem 1, we have
K—p—q+1 W)
K 1+ Jr(0r) /K
completing the proof of Part (a).
Using the same argument, we can prove Part (d). Parts (b) and
(c) hold because the asymptotic equivalence of Wr, Dy and Sy still

holds under the fixed-smoothing asymptotics. For more details, see
Sun (2014b). =

d
— Fpk—p—q+1>

Proof of Theorem 3. It suffices to prove Parts (a) and (c), as the
proofs for Parts (b) and (d) are similar. It is easy to show that

d ~ -, o~ '
WT,DT,STA{R[G’AWOJGA] c’Awoole(1)+50}
. -1 17!
x {R[G/AWOO]GA] R’}
~ -1 ~
x {R[G/Awogch] G W 'Bn(1) +50} /D = Foo s,

Repeating the same arguments in the proof of Theorem 1 while
keeping tracking of the term containing &y, we have

d _ _
Foosy = [Bp (1) + 8" — CpyCpy'By (1)]/D1ma1

X [By (1) + 8 — CpgCp' B4 (D] /p (26)
where
§* = A710/80.

and A and U are defined in (25).
By the rotation invariance of the multivariate standard normal
distribution, we have, for any orthonormal matrices Hyxp:

Footy = [HBy (1) + H8" — HCyyCpg' By (1)] HD,, H'
x [HBy (1) + H8* — HCyyCpp'By (1] /p

aQ

= [B, (1) + H8* — CpoCry'Bq (1] Dy,
X [By (1) + H8* — CpgCpt'Bq (D] /p.

In particular, upon choosing H = (§*/ ||6*||, H)' for some H such
that H'6* = 0(,—1)x1, We obtain

Foo,50 = [By (1) + [ 6% €5 — CogCry'By (1)]/Dz:p1
x [By (1) + [|6* | ep — GpyCyy' By (D] /p.

where e, := (1,0, ...,0) € RP. That is, the distribution of F 5,
depends on §* only through ||§*|| .

Noting UAA'U' = USV' (UXV’)Y =RV A~'(RV A~')/, we have
|8%(* = 840AYAT'So = 8, (TART") 56
= SUEVVE T8 = 8y [RV A~ A YV'R] ' 8
= SR(VEUUZ'V) T RY S
= 8{R(C27'6) T R} "%
= 5y (ArAR) ™ 8o = 118]1%.
Therefore,
Fooy = [By (1) + 8 — CpyCrg'Bq (1] D)

X [By (1) + 8 — CpCpy'By (1] /. (27)

Following the proof for Theorem 2, we now have

al(,, & 5 ’
Foom =1 <] Tk ) (5” VT gc;/K)
. 5
X Do (g” T go;/K)

K Foo 11811
= = (1+ ) [
1<—p—q+1< + 1<> pK=p q+1(1+g;00/1<

=7 (Iol7).

where g, &, and Dy, are mutually independent from each other.
This completes the proof of Part (a).
Part (c) follows directly from the joint convergence of (Wr, Jr)’

to (3700(H 8 2), gloo>/ and the continuous mapping theorem. H

Appendix B. Connecting the Asymptotic F Test in GMM with the
Exact F Test in CNLR

Supplementary material related to this article can be found
online at http://dx.doi.org/10.1016/j.jeconom.2017.02.003.
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