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Abstract

In this paper we develop a higher-order expansion of test statistic for heteroskedastic-
ity autocorrelation robust (HAR) inference in an over-identified two-step GMM framework.
The new higher-order expansion rigorously shows higher-order accuracy of fixed-smoothing
asymptotics in finite sample null rejection probability. We also provide an optimal choice
of smoothing parameters that directly accounts for the degree of overidentification in HAR
inferential problem.
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1 Introduction

Generalized method of moments (GMM) is one of the most widely used statistical methods
for the analysis of economic data and financial data (Hall, 2005). In time-series data, with an
unknown form of dependence, an important initial contribution is made by Newey and West
(1987) to implement the feasible two-step efficient estimation of GMM proposed by Hansen
(1982). The key step for the efficient GMM with over-identification procedure is an estimation of
the optimal weighting matrix, which is referred to as the long-run variance (LRV) of the moment
conditions. Newey and West (1987) and Andrews (1994) propose LRV using the nonparametric
kernel method.

However, it is well known that the two-step GMM procedure shows poor performance in a
finite sample context. See, for example, the special issue in the Journal of Business & Economic
Statistics (Christiano, 1996). Making an accurate inference of the GMM estimator in the time
series setting becomes more challenging due to the considerable estimation uncertainty embodied
in the nonparametric LRV estimator. The standard first-order normal approximation completely
ignores the estimation uncertainty in LRV and does not reflect the finite sample situations prop-
erly. Phillips (2005) proposes a new type of LRV estimators using orthonormal series basis func-
tions. Miiller (2007) and Sun (2011, 2013) develop its more accurate first-order approximation,
so called fixed-smoothing asymptotics, and show its superior finite-sample performances.

In the two-step GMM with over-identification, Sun (2014) and Hwang and Sun (2017) develop
fixed-smoothing asymptotics and show that improved performances relative to the normal ap-
proximation. Hwang and Valdés (2020) provide further finite-sample improvement by correcting
the bias of variance two-step GMM estimator. The literature, however, show the finite-sample
improvements using the fixed-smoothing asymptotics by Monte-Carlo simulations. To the best
of our knowledge, there is no work in time-series GMM that rigorously prove the higher-order
accuracy of the fixed-smoothing asymptotics that achieve more accurate finite sample null re-
jection in a precise technical sense. In this paper, we fill the technical gap in the literature and
develop a higher-oder expansion of t-statistic of the two-step GMM. In addition to the higher-
order expansion, we provide an optimal choice of smoothing parameters which directly focuses on
heteroskedasticity autocorrelation robust (HAR) inferential problem in an over-identified GMM
setting.

The higher-order properties of GMM estimator has been an active research area in econo-
metrics. Hansen, Heaton, and Yaron (1996) first suggest continuously updating (CU) GMM to
improve finite-sample performance of the two-step GMM. Its generalization to generalized em-
pirical likelihood (GEL) method has been done in Smith (1997), Imbens, Spady, and Johnson
(1998), Kitamura and Stutzer (1997), and Newey and Smith (2004). Importantly, Newey and
Smith (2004) and Anatolyev (2005) prove improved higher-order bias and variance properties of
GEL estimators in i.i.d setting and time-series setting, respectively. Still, the poor finite-sample
performances of GEL remain issues, as pointed by extensive numerical work in Guggenberger
and Hahn (2005) and Guggenberger (2008). Moreover, the results in Newey and Smith (2004)
and Anatolyev (2005) do not lead to key inferential properties of GMM estimators, as they do
not consider a higher-order expansion of finite sample null rejection probability of t-statistic.

In the context of bootstrapping GMM, Hall and Horowitz (1996) first prove the higher-order
property of GMM inference via an Edgeworth expansion of the t-statistic, but they assume a
less general finite dependence structure in time series. Inoue and Shintani (2005) relaxes a fi-
nite dependence structure in Hall and Horowitz (1996), but the proposed moving-block bootstrap
method requires an additional choice of block length in practice. Sun and Phillips (2009) also pro-



vide an Edgeworth expansion in time-series GMM regression, but their approach is not applicable
to the HAR inference with the OS-LRV considered in our paper.

Recently, a new type of inferential methods in time-series, so called HAR inference, develop the
alternative first-order fixed-smoothing asymptotics (Phillips,2005; Miiller, 2007; Sun et al.,2008).
See also Lazarus et al. (2018) for its practical implementation. Sun et al. (2008), Sun (2011, 2013,
2014), and Zhang and Shao (2013) rigorously prove the higher-order accuracy of the alternative
fixed-smoothing asymptotics in HAR inference. All of these papers, however, focus on the one-
step GMM estimator, or exactly identified GMM model.

In this paper, we develop a higher-order expansion of the t-statistic considering the two-
step GMM estimation in HAR inference. Technically, it is more challenging to account for the
estimation uncertainty of the optimal weighting matrix in the two-step GMM framework. To
derive the higher-order expansion, we first decompose the original t-statistic into an infeasible
t-statistic and other error terms that do not involve the non-parametric estimation of the optimal
weighting matrix. We then transform the higher-order approximation of the infeasible t-statistic
into an inference in Gaussian over-identified location model. In the over-identified location model,
we introduce a novel GLS-two-step t-statistic and show its asymptotic equivalence to the infeasible
t-statistic. Using these findings, we are able to expand the finite-sample CDF of the original t-
statistic around CDF of the chi-square distribution with one degree of freedom and characterize
the leading higher-order terms.

Based on the higher-order expansion, we provide an optimal choice of smoothing parameters
for HAR inference which directly focuses on the inferential problem in the over-identified GMM
problem. Our formula generalizes what is previously suggested in Sun (2013) for the exact
identified GMM, as it converges to the formula in Sun (2013) when there is no over-identification.

This paper generalizes a higher-order expansion in HAR inference pioneered in Sun, Phillips,
and Jin (2008) and Sun (2011, 2013) to the over-identified two-step GMM framework. Our
theoretical results show that the fixed-smoothing asymptotics in two-step GMM provides a higher-
order refinement of the conventional GMM t-test using standard normal critical value. Our result
also provides a new formula of optimal smoothing parameter in HAR inference in GMM, which
directly focuses on inferential problems.

The rest of the paper is organized as follows. Section [2] describes a general two-step GMM
in a time-series setting and derives its asymptotic property. Section [3| establishes a higher-order
expansion for the test statistics in Gaussian overidentified location model. Section [4] consider
selecting K to minimize the coverage probability error on the basis of this expansion in previous
sections. Section [5] concludes. Proofs are presented in the Appendix.

2 Two-step GMM in Over-identified System

This paper considers the following over-identified GMM model in time-series and HAR inference,
e.g., Sun (2014), Hwang and Sun (2017), and Hwang and Valdés (2020). We want to estimate
a d x 1 vector of parameter § € © using a vector of observation w; € R% at time t. The true
parameter 0y is assumed to be an interior point of @. The moment condition is given as

Ef(w;,0) = 0 iff § = 6y,

where f(wy,6) is an m x 1 vector of moment process which is linear in parameter vector 6.
Leading example is a linear IV regression model in time series with f(wy,0) = z(y; — 246), where
wy = (ys, ), 21) € R% consists of the observed data, e.g., Inoue and Shintani (2006) and Sun



and Phillips (2009). With the true parameter § = 6y, the process f(wy,6p) is stationary with
zero mean. We allow f(w,0p) to have general autocorrelation of unknown forms and satisfy
> 2o IEf(wt, 00) f(wi—j, 00)'|| < oo and some mixing conditions for the time-series CLT as
follows
LS flunto) 4 NO.5) 1)

JT 2 wi, Yo 24 )5
where N(0, ) is a m-dimensional normal random vector. The m xm matrix 3 = AA’ is a positive
definite long-run variance (LRV) of the moment process f(wt, 0p),i.e. ¥ =322 Ef(wt,00)f(wi—j, o).
Also, we assume that ¢ = m —d > 0, and the rank of G = E[df(w;,00)/00] is d. Thus the model
is overidentified with a degree of over-identificaion ¢. Let fr(0) = %Zil f(ws,0) and define a
one-step GMM estimator as

01 = argminfr(0) Wy fr(0),

0cO

where Wr is an initial weight matrix. Using this one-step estimator, the feasible efficient two-step
GMM estimator in Hansen(1982) is defined as

0> = argminfr(0) [2r(0:)] " r(0),

0cO®
where /
z@—lf 1§:¢(t)f( 0) 1ZT:¢(S)f( 0)
U Rs\vrg T \vr 5

and {¢, (r)} are orthonormal basis functions on L?[0, 1] satisfying fol ¢; (r)dr = 0. We parame-
trize h in such a way that h indicates the level of smoothing for both types of LRV estimators.

By construction, X7 (1) is a quadratic heteroskedasticity autocorrelation robust (HAR) es-
timator for the LRV Q. It is important to note that X7(0;) is a “centered” version of the LRV
estimator, as it is based on the estimation of the demeaned moment process f(wy,01) — fr(01).
Under the conventional asymptotic theory, Hall (2000) shows that the demeaning procedure can
potentially improve the power performance of the J-test using the HAR estimator. Also, this
demeaned procedure plays an important role in fixed smoothing asymptotics as the random ma-
trix limit of ¥7(6p) is independent of the limiting distribution of /T f7(6p) which is a normal
distribution.

With d = 1, this paper considers the following GMM ¢ statistic for testing Hg : 8 = 6o:

VT (62 — 6) '
VIGES (0:1)Gr) !

The main contribution of this paper is to develop a higher-order expansion of the finite-sample
probability of the GMM t-statistics

Tr := TT(@Q;él) =

P(T7(02;61) < 2),

as T — oo such that K/T — 0. The main object is the two-step GMM t-statistic Ty (02;01)
that depends on both first-step and two-step estimators with non-linear interactions, espe-
cially through 251(91). It is technically challenging to obtain the valid Edgeworth expansion



for Ty (f2;01). Sun and Phillips (2009) proves the same object with linear-GMM regression set-
ting with kernel-LRV estimator for $7(61). Sun (2013, 2014) develops the higher-order expansion
of general GMM model, but is only applicable to the first-step GMM estimator 6,.To confront
these technical challenges and develop a high order expansion in the over-identified GMM setting,
we first establish the following stochastic approximation in Lemma. We first introduce high level
assumptions that are necessary for Lemma.

Assumption 1 6; = 6 + O,(T~Y2) and Gr = G + O,(T~'/?), where the terms of order
O,(T~Y/2) does not depend on K.

Assumption 2 As K — oo and T — oo such that K/T — 0, we have that

Yr(6) = 40, (IT(j + \/1?> ; (2)
Y7r(6o) + Yr(6) = Y+Y' +0, (?22 + \/1?> (3)

where X is positive definite, and

1 &1 & £\ 8f(wy, 0 1 & s /
()= 5> (T;% (7) f(ae)> (\/T >4 (7) f(ws,9)>

j=1

Assumption [I]is made for convenience, and primitive sufficient conditions are available from
the time-series standard GMM asymptotic theory, e.g. Sun (2013, 2014). One of the key require-
ments for the first condition is that the initial GMM weight matrix W do not depend on the
unknown parameter value 6y and it converges to W with parametric rate of convergence of order
O,(T~%/?). Assumption [2|is made for convenience, and sufficient conditions for and can
be referred to HAR literature, as in Phillips (2005) and Sun (2013). They study the asymptotic
results for the OS-LRV estimator assuming large K — oo and 7" — oo such that K/T — 0.

Lemma 1 Under Assumptions 7(@, we have that
Tr(02;01) = Tr(60) + Y + ¢,
where

[G'S7:1(00)G] ™ G"S7 (00)VT fr(6o)

T T Jesrwa
br = Op <\%)
2
i+ oGt

and P does not depend on K.

Assumption 3 For sufficiently large M > 0, we have that P(|tp| > logT/VT) = O(1/V/T)
and P (|| > 67/logT) = o(d7) for 67 = 1/K + K?/T?.



Lemma 2 Under Assumptions ﬁ and if K — oo such that K/T — 0, then we have that

P (Tr(hastn) < 2) = P(Te(00) < 2)+0 (50 4o (ITf) vo(g):

Let G = U - ¥ -V be a singular value decomposition (SVD) of G, where ¥ =

mxm mxd dxd

( dé 7 dgq ,and A is a d x d diagonal matrix and O is a matrix of zeros. Also, we define the
rotated moment conditions and the rotated long run variance
f*(wtago) - = U/f(wtveo) = (fik(whe())af;,(wt?eo))/
Q1 Qo >
Q = UXU=
( Qo1 Qoo

respectively, where f;(wy,0y) € R? and f3(wy, 09) € R%. The corresponding long run variance
estimator with the transformed moment condition is then naturally defined as

N

O = U’ET(QO)IU

) (g )

_ <€211 912>
Qo1 Qo /-

Lemma 3 Let G= U - U -V be a singular value decomposition (SVD) of G, where W' =

mxXm mxd dxd

< d/de d(x)q > , and A is a d X d diagonal matriz and O is a matriz of zeros. Then, we have that

(a) \FZ 1(60)G] " 'S (00) f (wr, bo) = TFVAT IZ [fl (wt, 00) — Q12[Q22] 71 f5 (wy,00) | 5
(b) G5, (HO)G o 1900 A~ ,
Let us define

s1it = f1 (wg,00) and s = foy (wy, 6o),

and §;p =T} Zthl s1; and Sop = T 1 Ethl s9¢. Then, the result in Lemma (a) indicates that

T
\/1T tZ:; [G’EEl(eo)G] -1 G’E;l(eo)f(wta 0o) = ﬁVA Z (3” — QIQ[QQQ] 32t)

Using Lemma [3}(b), the infeasible t-statistic can be represented as

vT <§1T - 912[922]71§2T>

Tr(0o) = 5
112



3 Over-identified Location Model

We consider the following over-identified location problem for testing H: 65 = 0 as below:

514 = 0 + vig; (4)
52t = U2¢ (5)
for t = 1,...,T, where s; = (s14,52) € R4 and v; = (vig,va) € R4, The corresponding

LRV of the transformed moment process {v; = (s1t — 0, s5,)'} is Q@ = 372 wvy—j. Using the
original parameters, the parameters in the location model can be expresses as

05 = AV'0q;
Q = UxU.
Let’s denote S1 = (s11,...,817), and Sz = (Sa1,...,sar). Also, S = (s, sh,...,s5) € R*T| with

st = (s14,82), and V' = (v],vh,...,vp)" with v; = (v, v2r). For simplicity, we assume d = 1.
Define the one-step and the two-step GMM estimators in the over-identified location problems:

9: = 5173
by =T Z (Slt - Q1292721821‘,)
= 517 — 1205 5oy,
where §1p = T 1 23:1 s1; and Sop = T71 Z?:l sot, and for K > d + q. Under Hp : 65 = 0, our

goal is equivalent to provide a finite-sample probability of the following two-step GMM statistics:

t(03)

which is equivalent to the infeasible t-statistic 77(6y) at the original problem. We want to first
provide the exact expression for

P(t(0) < z) = Actual finite sample probability, (6)

as K — oo such that K/T — 0. The expression for () is given Sun and Phillips (2009) with a
kernel long-run variance estimator. However, in the literature, the expression for @ using the
orthonormal-series (OS) long-run variance estimator has not found yet. So, we fill this gap in
this note.

Recall that S = (s),sh,...,85) € R*T| with s; = (s1t, s2:)'. We first define the GLS of the
over-identified system in (4)—(f), i.e.

fgLs = ( Orars ) = [(1T ® Ip) [EQT} - (17 ® 12)] B [(1T ® L) [in]il S] € R2

S2T,GLS
e [sa] ],

- [L’T (2] LT]



where
I
c R2Tx2 ,

Lr=(1r®L)=| :
I

Z~32T = VaT((Sll, 8/2’ s 78’/T))

= Var(S) € R?T*2T,

We define a GLS version of the two-step GMM estimator as below:
A% A%k ~ A1
0.1 = 01.crs — Q12805 SoraLs
A%
~(n —utip) ( Fies )
S2T,GLS
= 1lagys,

where
MI=(1 —Q1205 )R>
Note that the original estimator of the two-step GMM estimator can be also written by using

the OLS estimator [inrg as below:
A% Ak ~ A1
0y = 07 — Q1205 Sor

with
. @i S1T
HoLs = | - =\ =z
2 SoT
= (LyLy) ' LS.

Then, it is straightforward to check that
-1

é; — 93 = é;GLS — 98 + ﬂ (lT & IQ),<1T & IQ) [(IT ® IQ)’W:|
—_——
Ly
= W(firs — po) + I (Lip L) ™ (L W)y
~ N -1 ~
=1 |(igus — po) + (L L) ™ (L W)]
= M(jigLs — o) + 11 (L/TLT)il (LpW)
where
AES -1 - aks -1
Ly — (11 ® 1) [(1T ® I) [224 (Ir® -72)} (1r ® I) [EZT} S

Iy — Ly [L’T [£0r] LT} T [Sar 1) s,

X
|



which can be equivalently read as
0 — 05 = jiors
A -1 ~
= W(jgLs + (LpLr)  L'W)
Ak % ~ —1 ~
= (O,a1s — 00) + 11 (LypLy) — LyW. (7)
Using 9;GLS, we define a GLS-version of ¢ and F' statistics:

\/T(éQ,GLS — o) .

t(é;,GLS) = = ;
V Q112
Define
o Qrin Qra2 \ . _
Qr = ( Qror Qo ) =var [\/T (fars Mo)}
and

Q710 = Qa1 — Qe [Qroo) ™ Qror;
I = (1 —Qra2[Qr2]™t ).

In Lemma {4, we prove the asymptotic equivalence of 9; and its GLS-modification 9;7GLS, which
is a key step to prove our main results.

Assumption 4 (Linear Process) Assume a linear process for vy = (vig,vl,) € R :

o
UV = C(L)Et = Z Cjﬁt_j,
=0
where €, = (€1, €)' L N(0,I441), and C;’s are (¢ + 1) x (¢ + 1) matriz such that
Elle]|” < oo for some v > 4;

o0
> G| < oo for a > 3;
j=0

Q=C()c@) >o,

where C(1) = 3272, Cj.

Lemma 4 Assume V ~ N (0, igT). Then, for K > d+ q and d = 1, we have that
i) P (!t@,cm)\ < z) =E[G1(ET)]+0(7);

ii) P (1t03)] < 2) = P ([t03,619)| < 2) + 0 (
where

)

N

[1]

— |1+

o B Y
(91292_21 - Q129221> Q29 (QI2Q221 - Q129221) " <Q11~2)

Qll~2 911.2



Theorem 5 Let Assumption [ hold. As K — oo such that K/T — 0, we have that

Py; (03] < 2) = 61 (2) + Gh(2): <ij22) B—Gl(2) Gg) + ()2 <[1() I <[1{> ,

where . . .
B Bi1 — 2012055 Ba1 + (1295, ® Q12055 ) vec(Baz)
B Q12

Also, we have that

P(Fa < 2) = Gy (2) — G, () » (?) + G (2) 2 <[1{> to (;{) ,

as K — oo.

Together with our theoretical results in Lemmas the higher order expansion of the over-
identified location model shown in Theorem [5|leads to the main result of this paper as follows.

Theorem 6 Let Assumptz'ons hold. As K — oo and T' — such that K/T — 0, we have that
S . [ K? 1 " 1
Pu (7o) <2) = 6161+ G108 () - 260020 () + 6102 ()

K
log T K? 1
0] — — .
w0 () +o(7) + (%)
Under alternative asymptotics which assumes that K is fixed when 7' — oo, Theorem 1 in
Sun (2014) shows that

~ o d . d 71— S12S55 Zo
Ty (fy: 0;) -5 T & 217 212992 22 8
r0) =S T ®

where Z; ~ N(0,1), Zo ~ N(0,1;), Z1 L Zs, and Si1, Si2, and Spp are submatrices of S ~
KW, (K, I,) which is a scaled Wishart random matrix with degree of freedom equal to K, i.e.,

X X
S = ¢

So1 Sa2
gx1 gxq

Expanding the fixed-K limiting distribution, T, by letting K — oo, Theorem 3-(c) in Sun (2014)
implies that

P(T| > 2) = 1 — Gi () + 2G'(2)2q (;{,) _Gl(2)2 <I1(> +o @) .

Thus, we obtain that

1 1 I 1
a+o (K) =1-G1(Ti_ay2) +2G1(T1_a2)Ti_a/2q (K) - Gl(’]rlfa/2>7]r%7a/2 (K) ;

10



where Ty_, /o is two-sided fixed-K asymptotic critical value such that P(|T| > Ty_,/) = a.
Then, using the result in Theorem [6] we have that

Pay ([T2(65:00)] > T —a+0<;€22> +0<1‘\’§TT> +o<§f§> +o<11(), (9)

whereas the null rejection probability using conventional normal critical value, z1_, /5, yields

Pa (‘TT 92’91)’ > 2 a/2> _a+0(§j)+0<(1;q)>+o<lc\>§;§)+o<§§)+o<;{>

Therefore, using the alternative fixed-K critical value, we are able to remove the error of order
O ((1+4 ¢)/K) embodied in the standard normal t-test. In this sense, our result in Theorem [6] is
a key device to show the second-order correctness of the alternative fixed-K asymptotics in two-
step GMM framework. In addition, one can implement Windmeijer-type correction in 'H‘T(@g; 91),
as in Hwang and Valdés (2021), and further correct the O(log T/+/T) error in @)

4 Type-1 Error Optimal K Choice in Two-step GMM
Suppose we are interested in testing the parameter . Using a conventional x{ critical value, one
can construct a two-sided confidence interval of the form {6 : |T7(f2;61)|?> < x§}, and reject the

null hypothesis Hy : 6 = g if and only if § ¢ {6 : ]']I‘T(ég; é?l)|2 < Xi_o‘}, where 1— G4 (X}_O‘) = a.
Then up to small order terms, o( K1), its Type-I error, or false rejection probability, is

P (ITr(03:00)P > x5) - a|
1 At 1 K2 >,
= 1-Gi(xqx ") -Gila I ” (TZ) B
—a —a 2q 7 —a —a 1
rasadnd e (3) - Giodnd e () -
—a —a 2q —a —a K2 ~ 1" a 1
= Jerod o (3) - crodnd e () B ciodod 7 ()
72 G/( l1-a lfaB i G l1—a 1—a\2 2(] G’ l1—a
7 ) Gi0a M B+ () Gi0a 0a ) = (3 ) Gilba
2
z ()

GO AT = 2065 (™))

*)

< <[T(22> G (N B| + <[1(> [(GT0d™)0d™)? = 2061040 ™)

To control the type-I error, we can choose optimal K* to minimize the upper bound, and this
leads us to F.O.C.

(227 ettt ~ s |(6¥ 0t~ 20007 t)

and we have that

(Gledmd™ —20610d7™))| v »
2G4 (1~ "

K* =

Y

11



where [-] is the ceiling function. When g = 0, i.e., the model is exactly identified with 15 =0
and Bs; = 0, we have that

B — By1 — 291205, Bag + (91292_21 ® 91292_21) vec(Baa)
Q1.2
B
QO

Then, the optimal choice for K* is equal to

*_

(Giod™ ™) v 23
2G)(x1*) | B11/91| '

9

which is exactly the result for CPE-optimized K obtained in Sun (2013). Therefore, our result is
a generalization of the optimal K-formula when we consider an over-identified GMM model. The
optimal formula for K* establishes a relation between the value of ¢ and other model parameters
such as €12, 299, and Bsj in the over-identified GMM system.

5 Conclusion

In this paper, we develop a higher-order expansion of test statistic for heteroskedasticity au-
tocorrelation robust (HAR) inference in an over-identified two-step GMM framework. Our new
higher-order expansion rigorously shows the higher-order accuracy of the fixed-smoothing asymp-
totics in finite sample null rejection probability. We also provide an optimal choice of smoothing
parameters that directly accounts for the degree of over-identificaion in HAR inferential prob-
lem. Our formula for the optimal smoothing parameter generalizes the formula in Sun (2013)
which works under the exact identified GMM, as both formulas coincide when there is no over-
identification.

12
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6 Appendix of Proofs
Proof of Lemma [Il Recall that

VT (02 — o)
N

Tr(fa;61) =

To investigate the asymptotic behavior of 85, we look at F.O.C for 6, which is given by :
Gr[Er(01)] " fr(02) = 0,
and thus we have that
VT(02 = 00) = —(GF[Sr(01)] 7' Gp) 7 Gr[Sr(0:1)] VT fr(00),

by the linearity of moment process. From equation (10) in Hwang and Valdés (2020), we have
that

) . 1
VT(B2—80) = —(Gr[Sr(80)] 2 G) LG [Zr(80)] VT f1(80)+ Dy i)V T (B1—60) +0, ( ﬁ> ,
where
0 — (GLY (0)Gr) T GLE (O)VT fr(00)
DGO,ZT(GO) = 7
00 -
=bo
— (G 00 Gz (0,) 22 0) Y (00) G (G (00)Gr) LG22 (0 )
= —(GpX; (00)Gr)  GpXgy (6o) 50 1 (00)Gr(GrEr (00)Gr) ™ GrEy (0o) fr(0o)
0=0¢
:=Dj
oY1 (6
HEE 006 037 00) 0O w00 12(00),
=00
:=Dyy
and
X7 (0
O~ o)+ Trl0)
o) = L3 (L3 (1) Zd) (LS, oy n)
! - Kj:l \/thl I\T 90 Ts:l TAT o .
By Assumptions [I] and 2] we have that
Gr = G+0 (1)
T p \/T )
2
1 _1 1
27 0) = % +OP(T2+\/E>,
oXr(0) , (K2 1 )
== = T4+ 40, (75 + ),
99 |o_p, PA\T? " K



and using these equations, we obtain that

armzcr = (o)) (370 (55 ) (oo (7))

(@16 1 K? 1 1
P\ VT T2 " /K PAT )’
which implies that

(G371 (00)Gr) "t = (G'=716) L + 0, <%>+Op (IT(22+\/1E>+OP G)

¥ (9)
00

Similarly, we have that

Gr7'(6o) 57 (00) G

0=0o

1 K? 1 1
—1 -1
= @' (Y+Y)SIG+ 0O, ( ?> + O, (T2+ ?> + 0, <T>
Also, we have that

7! (00)fr(00) = <G’+0p (}T» (2 O (I;Q2+\/1F>>Op<\/lf>
- o) (G (5 ) <o)

Careful inspections of the above equations show that the terms O, (T -1/ 2) does not, depend on
K. Therefore, we have that

8250(0) EEl(HO)GIT} (G727 (60)Gr) " G727 (00) f(0o).-
=00

{(G'zle)l +0, <\/1:?> +0, <IT(§ + \/1?); 0, (;)}
{ L+ ) s 1G+op<\/1f>2+o <I;2+\/%)+0p<;>}
fomortvon () von (e ) o (7))
(0 ( ) (G (F 7w 7)) v (7))

- 0,( )+ (K2+1+1>
P\vr) e\ VR T vT)
where the term inside Op(T_l/ 2) does not depend on K. Similarly, we have that the second term
admits the same order of the expansion derived in the last equation, i.e.

D = —(G@'s7'e)la'e! (T+T’)E‘1fT(90)+0p< ; >+0p< 1 (K2 — 1))

VT VT W VT
1 1 K2 1 1
- O”(ﬁ)+0”<f< VE f))

16

Dy = _(G/Tz;l(GO)GT)1{G/T27_“1<90)




Using similar expansions, we can also show that

o) = s () 0, (5 )
O

S

(S (B0)] VT fr(80) = G’[ET(Go)}lﬁfT(Ho)JrOp( ! )+ \

Combining these results together, we have that
VT(by —00) = —(G'[Sr(00)]7'G) " G [Er(00)] VT fr(00)
+O (1> +O <1 (I(2+1+1)>
PAVT P\vr\1* VK VT))’
where the term of order O, (T -1/ 2) does not depend on K. The results imply that
S oA VT (02 — 69)
VIGys7 (0167

_ (— (G'S71(00)G) " G’ (00)VT fr(60) + O, (;T) ‘o, <\/1:?

(

K2+1+1
2 VK VT

x <(G’ET1(00)G)1/2 +0, <¢1T> +0p <\% <I£ + \/1? + \/17>)>

= TT(GO) +¢T+¢'§17

where ¥, = O,(T~'/?) does not depend on K, and ¢ = O, (T_l/2 (K2?/T% + K12 4 T_l/z)) .

This completes the proof. m

Proof of Lemma We first prove Part (b). Using the SVD UUV’ of G, we have

G'S7H00)G = VV'USr(6p) 'UBY
= VU (U'Sr()U) 1oV
= VA(I;, 0)Q7 (1 0) AV
= VAQ LAV,

which is the desired result. In the last equation, we have used the following matrix inverse formula

A A -1
Qo1 Qoo

- Q1711-2 _Qfl Q1292721
05, Q0 QY (9721"' 27219219711.291292721) '
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To prove Part (a), we have that
G'% (eo)f(wta 90)
= V¥ (UTET(GO)U)_IU,f(wtv 0o)
= VA( Ly, O)Q'f* (wr,00)

Q1_11-2 _91—11.291202_21
= VA(Is O 51801 (-1 1 O-10. -1 O O " (w, 0
( ‘ ) ( _92219219111.2 (9221"‘92219219111.29129221) [l 0o)

= VA ( 0;11_2, —QﬁlQQlQQng ) I (wta 00)
= VAL, [ (wr,00) — 123 £5 (wr, 00)]

Combining this result into the one in Part (b), we have that

[G'S71(00)G] " G'S7! (00) £ (vr. 60)

1

A1 —1 A1
[vaAQl, AV VAL,

5= 5=
(]~ 11~

o~
Il

1
we, o) = 12055 f5 (wr, 00) |

X
—

Il
3=
I M'ﬂ iy

i

A7V £ (s B) = QuaQ 5 (wr,00)] (10)

as desired. m

6.1 Proof of Lemma [4
Before we prove Lemma [4 we first provide some technical results in the following Lemma.

Lemma 7 Let II, W, and fors be defined as before, and Assumption |4| holds, so that V ~
N(0, igT) Then, we have
i) Q and [ fLarg are mdependent
ii) = ( 1 —(212(222 ) s independent with figrg

iii) flgrg and W are independent.

Proof of Lemma Part i) Note that we can represent O as:

0= 1§ 1§¢<t>< — o) 1i¢<t>< —>/
K_ \/T:ijt vr \/Tt:1jTUt vr )

_ vy —vr \ _ [ sSu—SiT
V¢ — U = _ = _ .
V1t — U2 Sat — Sor

Let V = (V] =0, ..., 0 —U) € R2T' then it is easy to check that

where

V = (Iyr — Ly(LpLy) 'Ly) V
-1

fars — Mo = [L/T [22T] B LT] Ly [iw} Ty
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with V = (v],v},...,vr)" and vy = (vi4,va)". Thus

E|(hgLs — Mo)vl}

[ oo -1 171 _ -1 .

=L} [Sor| Lr| LL [ZQT] x E[VV'] x (Iyy — Ly(LipLy) " L)
L J | ——

1:i2T
r _ _ 1-1
= |L} |Ser| Lr| Ly x (Iop — Le(LpLy)'LY)

. —
= |L7 |Sor| Lr| (L7 —-L7)=0,

which 1mphes that figr,g — o and V are independent. Since Q) can be represented as a quadratlc
form of V, the result also indicates that jiqrg — o and € are independent. Part ii) Since II is a
function of the matrix ), we have that fiqrg — fo and II are independent, which is the desired
result. Part iii) Recall that

- - 11 -1 _ 11
W= (12T —Lr [L’T [Zar ] LT} Ly [Sar] ) vV,
because S = Lyug + V and

- -1 11
<I2T — Lt [L'T [E2T} LT:| Ly [EQT} ) Lty

-1

= Lryg — L {L'T [Sar] LT] Ly [Sar| Lowo
= Lrpg — Lrpg

=0.

Using this, we have

E [(ﬂGLs — MO)VNV/}
PN T S I SRR P | _ -1 -1 _oq-1)
= |Lo [Sar| Lr| rp [EQT} x E[VV'] x (IzT — Ly [L’T [EzT] LT] L [zﬂ} )

=1

- 71 T —1 71

- - B B 71 _1
— 2 [Sor|  Lr| Lyx |Lr— [EQT] Ly [L’T [EQT} LT} L’T]

- - 4 71 3 . -1
G DS e vt Y A [EQT} LT} L {EQT} Ly [L’T [EQT} LT] L

S . L
=15 [Sor] Le| Lh— |LL [ZQT} LT} L

which leads to the desired result. m
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Proof of Lemma Part i) With d = 1, we first write the statistic F(éQ,GLs) as

A " x 2
F(0gcLs) = {t<02,GLS)}

VT (jigrs —M0)>2

V QllQ
- VT {HT (Bgrs — Ho) + (ﬂ - HT) (AgLs — “0)} 2 Q7112
= N7 g ( : )

Q112
Using the result in Grenader and Rosenblatt (1957), we have that

QT:Q(HOG)), (11)

Orine = Qs <1 L0 <;>> ; (12)
HT:H<1+O<;)>. (13)

F(é2 GLS) _ HT\/T([LGLS o Mo) N (H — H) \/T(ﬂGLS - MO) « (911.2> 4 O <1)

To further proceed the above expression, we define

_ HTﬁ(ﬂGLS — [o) .

and thus

Therefore, we obtain

AT )
V7112
<ﬂ - H) ﬁ(/:‘GLS — M)
BT == ’
V7112
and want to show that
AT ~ N(O, 1) and BT ~ N (O, (I)T) 3 (14)
Ar and Bp are independent, (15)
where .
T — 07827 2207
T = ——.
Q7112

We first prove Ar ~ N(0,1) in . Note that we assumed that V ~ N (0, Xo7), and

- [L’T [EQT]_I V]

VT (jigrs — to) = VT [L'T [izT] B LT]
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, which indicates that
\/T(ﬂGLS - /’LO) ~ N(Ov QT)a

and thus vVTTlrGrs(figLs — fo) ~ N(0, ¥r), where
Uy = T QpIT

Q Q 1
_ _ 1 T Q712
= (1 —Orplnl™) < Qro1 Q120 ) < —[Q722) Q101 >

= ( Qra1 — Qra2[Qr22] Q121 Qriae — Qra2[Qr22] Q22 )

1
X
< —[Qr922] 7 Q121 >

1
=( Qrq112 0
(92 0) ( —[Q7.20) 1 Q1 21 )

= Q71120

The result leads us to have

NVAUBTE
as desired. To prove the second result in , note that
M-TI= (1 00y ) = (1 00y )
= (0 Qo + Q205 )
= (0 Q0 — 220y )
= ( 0 op )

Then, we have that
<ﬂ - H) VT (fgrs — Ho)
V7112
5 -0
:(O(ST)\/T(SQT,GLS 0>/m

S2T,GLS

Br =

_ 67VT5araLs
VO7 112
Since \/T§2T7GLS ~ N (0,7 22), this implies that
Sr7.2207
Qrire
We now prove the independence between Ap and Br in which is equivalent to prove that
VT59r.61s and VT (jigrs — po) are independent. (16)

BT ~ N (0, (I)T) with (I)T =

We have that
rcLsVT (figrs — o) = VT (5ir.aLs — 0o) — QT,uﬂilgg\/ngT,GLs;

ﬁ( gli}GLS_QO > ~N<< 0 > 7( Qra1 Q7o ))7
59T,GLS 0 Qro1 Qra20
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which directly implies . Summing up so far, we have proved that

. Q11 1
F(bacis) = (Ar + Br)? x () Lo <T>
Q12
Ar ~ N(0,1) L Bp~ N(0,®7),

and this implies that

Ap + Br ~ N(0,1 4+ ®7) £ N(0,1) x /1 + &7

So we have that

0 1. 1
F(f2,crs) = © x (14 @) x <A“2> +O<T>;

112
!
07827 2207

O ~ x*(1) and &7 =
Qr11.2

Here O is independent of 115 and ®7 by the results in Lemma [7] (i) and (ii). From (11)), we
have that

(14 ®7) x <Q“‘2) - <1 + 5TQT225/T> y (QT,11-2>
Q1o Qri11.2 110
)) Or Q72207
: Qi1
— ) ( +0
1.
Q

wo(;

: ( ) + 07 Q00 X [Qu1.]
i) = (1+of
3 (
(

NN

NHi= Sl Sl 3=

)

)) + 0792 <1 +0 <T>> 8 x [911-2}_1
onz) (o0 (2)) 75 ()
hge. (2). (o)

where Z and © are independent. Hence, we have that

P(F(Bocis) <2) = P (@5 +0, (;) < z>

:P(@Egz)+0<

1
T

N——

=FEG; ()40 <

Nl =
~——

which is the desired. Part ii) We want to prove that
Ak ~k 1
P (F(By) < z) = P (F(D3,c15) < 2) + O <T> ,
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where

Note that

VT (05 — 65) ) (ﬁ(éz — 63) )
=P| ———<Z|-P| ——=<-2],
( B V Q11-2 B

VT8, — 63) ) (\/T@,GLS—@;;) ) 1
p(¥22%) ) =p C <zl1o0(2); 17
< vV Q11.2 vV Q1.9 * (T> (7)

VT (63— 03) ) (mé;m —05) ) 1
P|l——————< -z | =P < -z Oo|=]. 18
( NG * ( ) (18)

We only prove because the proof of can be done in the same way. From ([7]), we have
that

VI(03—05) _ VTT(iicus — o) , VT (LypLy) ' 14 W
vV Q1.2 Vi1 V Q112

The results in Lemma [7] imply that figrg — 1o is independent with Q and W, and thus it is
independent with 211.9, I, and W. Thus, we have that

P (ma’; —05) _ 5) b (ﬁﬂmm —po) . VTT(LyLr) ! LWV)
V Q12 V Q1.2 V Q12
_plp (ﬁﬁ(ﬂE;Ls — fip)

V Q12 V Q19

. VTIL (L L)™' LW

_mlp \/Tﬂ(ﬂGLs—Mo)S ] . ]
/ﬁQTlLQﬂI HQT711.2H’

Note that Q7 11.2 is a non-random constant, and we have that

=
%
N———
Ny
=
)
R
o
{:|\>

VT (jigrs — o)

A/ ﬁQT’ll.gﬁl

VT (jigLs — 1o) is independent with €19, IT, and W.

~ N(0,1);
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So, the last probability equals

. 1/2 . .
. (L L)t I

Bl S |, YIU(gL)" LhW :
HQT,11-2H/ A/ ﬂQT 11,2ﬂ/

where \If( ) is the cdf of standard normal distribution, and the expectation is taken with respect
to QH 2, 11 ,and W. Let

. 1/2 . 1, -
. TII(L.L LW
Am# Z:Candf (TT) L :X7
Q7 1121 A/ TIQ 11011
Then, using a Taylor expansion around X = 0,
o, \ v (LY Ly) ™t LLW
E |V Ai,\l r — AT — L
Q7 11211 \/ Q7 11211
= E[V (C—X)]
=E[¥(0)]-E[¥ C)]x )+ O(X?)
Q
_plo |t
Q711211
Q T (L4 Ly) ™ LW 1
ON P (Y GELLE VTII (L L)~ LYy +O<)
Q711011 [T1 7 11511 T

0
=B |0 |2 z +0<1>,
Q7 11211 T

where ¢(-) is the pdf of standard normal random variable. Here, the last equation holds because
2 (Q11.2 and II) is quadratic in W, as argued in Sun, Phillips and Jin (2008, pp 186). This result
indicates that

which is the desired result. m



6.2 Proof of Theorem [5

Before we prove Theorem [5| we first provide some technical results in the following series of

Lemmas.

Lemma 8 (Beveridge and Nelson, 1981) Under Assumption the process vy admits the

following decomposition
Vy = C(l)ﬁt + V41 — Vg

for vy = Z;O:O Cjer—j, Cj = Zgijﬂ Cs, where Z;io 1G5[* < o0
Lemma 9 Let Assumption || hold. As K — oo such that K/T — 0, we have that
i) E[0] — 0 = (Ki)3+ (%) +0 (%)
ii) B[O — 01)2) = (1 +0(1) + 0 (%) +0 (3):
iii) {(vec(Qgg) — vee(Qa2)) (vee(g) — vec(Qgg))'} (22 ®Q92) (12 + Kgq) (140(1))+

o(53)+0 (%),

where

B [ Bii Bz } _ [ > pe oo WPT1u(h) 3007 o h°T12,u(R)
Biy Bz | Yoo PP (h) 220 hPTa2,u(h)

and I'y(h) = Evv,_,,.

Proof of Lemma 9 The proofs for lemma can be proved in the same way as in Theorem 2 in
Sun (2011) and Theorem 1 in Phillips (2005), and we omit the details. m

Lemma 10 Let Assumptian hold. As K — oo such that K/T — 0, we have that
i) E [(QH — Q11)(le — Qm)} = %(1 +0o(1)) +o (11%2) +0 (l) ;
ii)E[(Qzl—le)(ng—ng)} :mqu—I—W(1+O(1))+O( ) +O( )
ZZZ) FE [(le — le) (Uec(ﬁgg) — Uec(Qm))l] _ % (Q22 X 912) (qu + qu) (1—1—0(1))-1—0 (72)_‘_
O(7); /
i) E [(011 — Q1) (vec(Qgg) — veC(Qgg)) ] = %(912 ®2)(1+0(1)) 4o ( ) +0 (T)

Proof of Lemma To save pages, we omit the proof, and it is available upon request. =

Proof of Theorem [5L
Part i) Let

A /
A= (QH, 912, UEC(QQQ)/) S R1+q+q2;
A= (QH, 0, vec(Qgg)')l e RIta+a?,

=1 (4) == ([Qll,mz,uecmmy] )

25

Note that



where

0150 A A A oA /
= 9 0 A ! Q1.2 ( 12 221 - 521252221) Qa2 (9129221 — 9129221>
=2 (Q11,0 Uec(Q )'} = - il N
[ 11,9412, 22 1 —+

Q1 — 912922 Qo1 Q1.9

Q12
x | = —
Q11 — Q12055 Qo1

We want to first derive a Taylor expansion of Efl(f\) at A up to the second order, i.e.

EMAN)~ETTA)+ VETIA) A-A)+ %(A — A {v25*1([\)

) } (A—A).  (19)

A=A A=A

Z:L ;:Q

Here, we have

—1
<Qll~2> " <(Ql29221 _ 9129521) Qoo (9129521 _ 9129221)l> <Qll.2)]

Q1.2

We compute the first derivative term evaluated at A in . With a considerable amount of
algebra, which we omit to save pages, we can obtain that

L=vVzZ"YA) (A—A)

A=A

= Qs [1, =2 (925,95,) , (25195 © 05,95,)]
a R ~ /
X <QH — Qll, 9121 — 9/21, 060(922)/ — U@C(QQQ)/> .

With a considerable amount of algebra, which we omit to save pages, we can obtain that

2 (Qu - Q12> Qs (921 - Q21)

@=- M2
4 (vec(Qgg)’ - U@C(Qgg)’) (2 @ 5y 1) (Q21 — Qa1)
* M2
B (vec(Qm)/ - vec(%z)') X { (55 Q21 ® 9') { (I, ®Q§ﬁ2292_21) + (120 @ 1) } }

X (vec(fbg) — U60(922))
= Ql + Q2 + Q37
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Also, we have that

L= v’zfl([\)‘A_A (A —A)

1 _ _ _
=g X (1, -2 ( Q% ), ( b1 Q9 ® Q/219221)]
11-2

A~ ~ ~ !
X <Qll — Qll, 9/21 — QIZI, ’UeC(QQQ), — UGC(QQQ),>
B Q11— 1) 2912957 (o1 — Q1) . (91292_21 ® 91292_21) (vec(sz) - 2}66(922))
Mo Q12 Q12 '

Now, we need to compute

E[L+ Q] = E[L] + E[Q)]
E[(L + Q)?] = E[L?] + small orders.

First, we have that

E[(Q11 — Q1)] B 201205, E[(Q21 — Qa1)]

FlLl =
IZ] Q1.2 Q1.2
(9129521 &® 9129521) FE [(UEC(QQQ) — UGC(QQQ))]
+ .
Q1.2

From Lemma [, we have that

K? K? 1
> B -
T2 11+0<T2>+O(T>

. K? K? 1
E[Q21 — Qo] = 321 +o0 <T2> +0 <T)

E[Q — Q) =

E {vec(Qgg) - vec(Qgg)} - Ij{jvec(ng) +o ij) +0 <;> :

So that, we have that

K? B K% (201,09, B K2 (12955 @ Q12055 B K2 1
E[L]:f 11 L 128499 D21 +7( 123499 12 QQ)UeC( 22)+0 L0

T2 Q10 T2 Q119 T2 D12 T2 T

_K* 1 K? 1
= TZ 0, (Bi1 — 2012055 Ba1 + (9129 oy @ Q12 ) vec(Ba)) + +0

T2 T
K2 . K2

vec(Bag)' (92_21921 ® 92—21921) — (92—21921 2 92_21921),vec(B22)
= (35 Q1) ® Q12055 ) vec(Bas)
= vec(91292_21B22§22_21§221)
= tr(0129%55 B2y Q1)
= tr( BaaQsy Q21 21205,),

and
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which leads to
K? 1
Pl = — ——
IZ] T2 Q1.2 (

We now express E[Q]. Recall that

_ - _ K? 1
Bll — 29129221B21 + tr(92219219129221B22)) +o0 (W) + O (T) .

2 (Qu - 912) Qs (921 - Q21)

@=- Q12
4 (060(922)' - 060(922)'> (025 ® Q59 Q1) (U1 — Q1)
+
Q12
-1 -1 -1 -1
B (vec(Qm)I — UGC(Q22)’> % { (295 Q21 ® Qo3 ) { (Ig ® Q125 ) + (22005 @ 1) } }
M2
X (vec(flp) - vec(sz))
= Q1+ Q2 + Qs,
So that
2F [(le - Qu) Qs (921 - 921)]
E[Q] = - 911'2
4F [(U@C(ng)’ — vec(Qgg)’) (9521 ® 9521921) (le - le)]
_I_

Q1.2

05y 021 ® 0y ) { (g ® 2205 ) + (205 @ 1) }
Q1.2
=H

- F {vec(Qgg)' - UeC(QQQ)/} (

X {vec(Qg2) — veC(Qm)H
= E[Q1] + E[Q2] + E[Q3],

where
E[Q1] = —tr2E {(912 - Q12) 812_12.12 (921 - Q21)}
2tr [92—;E [(le - 921> (2 — Qm)H
T 112 ’
and

Qo @ Q50 091) 4
22 Q11.222 )(921 . 921)

E[Q2] = trdE (vec(Qgg)' - vec(Qgg)/> (

(0 ® 035 01) E {(Qm — Q1) (vec(sz) - vec(Q22))/}

= 4tr
Q1.2 ’
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and
E[Qs] = —tr [HE {(vec(flzg) — vee(Qa)) (vee(Qaz) — U@C(Qgg))'” .

By Lemma [9] we can express the last term as

E {(vec(Qgg) — 'UeC(QQQ))(’UGC(QQQ) — 060(922))’}

1 K? 1
— ?(Qgg ® Qo) (12 +Kgq) (1 +0(1)) + 0 <T2> +0 <T) :
So that
1 K? 1
E[Q:ﬂ = —?tr [H(QQQ &® 922) (qu + qu” + o0 ﬁ +0 T
1 - K? 1
where
H = H(Q @ Qa2)
055001 @ Q50 { (I, @ Q129553) + (0129054 @ I,
:( 22 2521 22){(q 912 22) ( 129522 q)}x(922®922)
11.2
_ (92_21921 ® Q2_21) X {(Q22 ® Q12) + (V12 @ Na2)}
Q1.2 )
tr [FI (12 + qu)] = tr(H) + tr(HKyq)
= tr(H) + tr(Kgo H),
and
B [ (5109, @ O3t Q9o @ Q Q12 @ Q
tr(H) = tr ( 22 421 ® 22) X {(Q22 ® Q12) + (12 ® Na2)}
I Q1.2
i (2551 ® Q59') (R22 ® N12) (2551 ® Q59') (D12 ® Do)
=tr +tr
I M2 Q1.2
—tr [ (Q95 @ Q2) (59 Q21 © 0) (955 Q21012 ® 1)
L Q11~2 911.2
- _ —1
—¢r Q21 ® 9129221)] . (D3 Q21012 ® 1)
Q1.2 Q1.2
- _ -1
. (9219129221)} . (925 Q21012 ® 1)
Q1.2 Q1.2
_ —1
_ Q12055 Qo +ir (03 Q2112 ® 1) ’

Q1.2 Q1.2
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and

tr(KyoH) = tr [ Kyq (U Q21 ® 05) x {(D22 ® Qo) + (12 ® V)
qq -

Ky (255 21 @ Q5 ) (D22 ® N12)
Q12

=tr

r Kgq (255 Q21 @ Q) (2 @ Qo)
Q1.2

Kqq (255 Q21912 © 1)
Q1.2

Kqq (255 Q21912 © 1)
Q1.2

(051001 @ Q51 (a2 @ O
. ( 99 Y121 ® §l99 ) (Q22 ® 12)qu] 4 br
Q1.2

[(Q92 ® N12)
Q1.2

=tr

qu (9521921 ® Q221)] +tr

By Magnus and Neudecker (1988), we have that
Kpn(A® B)Kgy = (B® A)
for A € R™* and B € R™*!, Using this property, we obtain that

I3 (Q22 ® Q12)Kgq = Kig(Q22 ® Q12)Kyq
= (Q12 ® Qa2),

since K41 = Ky, = I; by Theorem 3.1 in Magnus and Neudecker (1988) . Thus, we have that

Qoo @ N _ _
tr [(2212)qu (9221921 ® Q221)]

Q1.2
_ (D12 ® Q22) (35 D21 ® Q)
Q112

(205,001 @ 1)

Q1.2
— i {91292_21921 X Iq:| _ 9129521921

Qll.g Q11~2

which implies that
~ Oy @ O _ _ Koq (255 Q21012 @ I
tr(KggH) = tr |:(2S2211.212)qu (25 1 ® Q221)] +tr [ ( 22911.2 1 d

(@20 Q0 L)) (2 21012 ® 1) Ky
Q1.2 Q1.2
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Then,

tr [ﬁl (12 + qu)] = tr(H) + tr(KgH)

_ 1
_ Q12055 Qa1 . [(Qgg Q212 ® 1)

Q1.2 Q1.2
n tr(Qng}lQm ® 1y) . (9521921912 ® Iq) Kgq
Q1.2 Q1.2
Q00 O | (2 02 ©1y) (T2 1 Keg)
Q112 Q1.2
_ o | Q20000 1) Ko (2 Q21912 ® 1)
Q1.2 Q1.2
01205,
:2(1+ ) 128699 95621
Q112

where the last equation follows from Theorem 3.1 in Magnus and Neudecker (1979). Thus

ElQs] = —%tr [FI (Iz+ qu)} (1+0(1))+o (1;5) L0 <;>
(1+q) 21205, Q1

= — 1+ o(1
1 (95219215212 ®1q) (12 + Kgq) K? 1
— —tr Diia (I+oM)+o| = )| +O( =

_ 201+ q) Q12055 O K2 1
=S e ) o 77 ) +0 (5 )

Now we express E[Q1] and E[Q2]. Recall that

-1

E[Q1] = —tr2E [(le - Q12) ;;1212.2 (Qm - Q21)}

- 2tr [92—21E [(Qm - Q21) (2 - Q12)”

- )
Q1.2

and

0oy ® gy D21)

E[QQ} = tI‘4E Q (le — 921)
11-2

(vec(QQQ)' — UCC(QQQ)/) (

(5 © Q5 1) E {(Qm — Q1) (vec(sz) - vec(Qm))/}

= 4tI' )
Q12
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From Lemma [9]

E [(921 - Q21> (12 — Q12)} (911922;;921912) (1+o0(1))+o0 (éﬁ) + 0 <;> ;

E [(Q21 ~ Q1) (vee(2z2) - vecmgz))'] _ % (2 ® Q) (T2 + Kog) + 0 <[T(§> +0 (;) .

So we have
2tr |:QQ_21E |:<Q21 — QQl) (Ql2 - QIZ)H
112
— 2
- Pty [9221 [(9119222921912) (1 4 0(1)) +o (%) +0 (%):H
B Q12
2 tr [92_21 [(QHQQQ + 921912)}] K2 1
- _ = 1 1 = -
% 1s (1+o0(1))+o 72 +0 T
2 tr [92_21911922] 2 tr [92_21921912] K? 1
= —— 1) — = 1 1 — —
% Ora (1+o(1) - & Ora (I+o() +ol| = | +O (7
2 tl‘[Qan] 2 91292_21921 K? 1
=-———%/1 1) - —=——=—"(1 1 — —
2 B (1 o(1)) - 222 (14 o(1)) +0 (37 ) 40 (7
2 (g1 + 212055 Qo1) K? 1
- = 1 1 = -
% r1s (1+o0(1))+o T2 +0 7))
and
[ (o1 1 A A !
(92_2 ® Qa9 Qzl) E [(le — Q1) (vec(Qgg) — vec(ng)) ]
E = 4tr
[Q2] Orio
i [ (92_21 ® 92_21921) (% (Qa2 ® Q12) (qu + qu) +o0 (17%2) + 0 (%))
= 4tr
Q1.2
(D55 © 05 01) (D22 © Qu2) (Ip + Kyg) K2 1
- —(Iq (%9 9521921912) (Iq2 + qu) K2 1
= ?tr 911.2 (1+0(1)) + o0 ﬁ +O T

4 [ 9221921912)] 4 [(Iq ® 9221921912)qu}
= —tr 1+ o0(1)) + —tr 1+ o(1
e T (1+o(1)) + 4 1o (1+0(1))

ofi) o (3)

By Theorem 3.1 - (xiii) in Magnus and Neudeker (1979), we have that

tr(Kpmn (A’ @ B)) = tr(A'B),
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for A, B € R™*™ and B € R™*" Using this result, we have that

Iy ® 9221921912)qu] o [qu(fq ® Q5p 221 012)
M12 D119

= ——tr [y x Q5 Q21Q12)]
11-2

1
Q (922 Q918 h2)
112

912922 921
Q1.2

Also, we have that

o [(Iq ® 9221921912)] _ () tr(R55 Q21 $h2)
Q1.2 Q1.2
Q12922 Q21
Q1.2

Thus, we have that

[0y = 4. [(Iq ® Doy Q91 Q12) I; ® Q5 Q112K

4 I(
- 1+o(1))+ — 4 A1 (14001
S 2220 (1 4 o)) 4 | U2 Bl (14 (1)
K? 1
+o(7)o(z)
_ 4 41205 Qo1 Q12055 Qo K? 1
K ( Q1.2 * Q12 (1+o(1) + T2 +0 T

. 4((] + 1) 91292_21921 K? 1
=% T (I+o(1))+o0 T2 +0 T

Combining these results, we have that

E[Q] = E[Q1] + E[Q2] + E[Q3]

2 (1 + 2055 Qo1) 4(g+ 1) Q129055 Qo1

== o (14 0(1)) + = o (1+0(1))
-1 2
B 2(1}—(# q) Q12§1212.2921 Yo <IT(2> 10 <;>
_ {_?{(qﬁn +S§2111flz_21921) n 2(61; 1) Q1252211 2921 } (14 0(1)) + o (f;j) 40 (;)
-2 {( 0(211 — 21293 001) E 220 2 Qo1 = Qa0 } (1+o(1)) +0 (fzfj) e G,)

N\Q

_ 2 (14 o0(1 ))+0<I;§>+O<;).
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We have that

202, 1 K? 1
E[LQ]:”'?(1+0(1))+0< >+O<>
02, K T2 T

- %(1 +o(1)) +o <IT{22> o G)

Summing up the results so far, we have that

L = v'z—l([x)“_ (A - A);

Q = Sh-ay{v=t@) _ Hd-a),

and
g = £ B+o<fo> vo(1):
s - () o)
and
FIY = 2(1+o(1 ))—1—0([;22) +0<1{>;
BlQY = <l1{+];22) +O<;)
and thus

=1 (M) =1+L+Q+o, <I1(+IT<22> +0, (;)
Using this results, we have that
P ([i6)] < ) = 56 (= (3)) + 0 (1)

=EG1(z(1+L+Q))+o <[1<+IT(22>+0<;>

and we use a Talyor expansion of EG; (2 (14 L+ @)) around z,
2
EGi(z(1+L+Q))+o <[1(+IT(2> +O<11,>
=G1(2)+G2)zE[(1+L+Q)—2)] + %G/{(z)E[(z (1+L+Q)—2)?

oli) o) o (5)

= G1(2) + G1(2)2E[L] + G1(2)2E[C)]

+ GBI (L + QY <) < > OG)

= G1(2) + G1(2)2E[L] + G1(2)2E[Q)
_|_1G"()2E[L2]—|—0(I1{>+ (T2>+O<;),



and this leads to the desired result

P(jen|<=) = i)+ Gl <IT<§> B—Gi(2): <2[?>

+G(2)2*- <11{> +o <11{) +o <I£> +0 (;) :

which completes the proof. m
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