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Abstract

In this paper we develop a higher-order expansion of test statistic for heteroskedastic-
ity autocorrelation robust (HAR) inference in an over-identi…ed two-step GMM framework.
The new higher-order expansion rigorously shows higher-order accuracy of …xed-smoothing
asymptotics in …nite sample null rejection probability. We also provide an optimal choice
of smoothing parameters that directly accounts for the degree of overidenti…cation in HAR
inferential problem.
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1 Introduction

Generalized method of moments (GMM) is one of the most widely used statistical methods
for the analysis of economic data and …nancial data (Hall, 2005). In time-series data, with an
unknown form of dependence, an important initial contribution is made by Newey and West
(1987) to implement the feasible two-step e¢cient estimation of GMM proposed by Hansen
(1982). The key step for the e¢cient GMM with over-identi…cation procedure is an estimation of
the optimal weighting matrix, which is referred to as the long-run variance (LRV) of the moment
conditions. Newey and West (1987) and Andrews (1994) propose LRV using the nonparametric
kernel method.

However, it is well known that the two-step GMM procedure shows poor performance in a
…nite sample context. See, for example, the special issue in the Journal of Business & Economic
Statistics (Christiano, 1996). Making an accurate inference of the GMM estimator in the time
series setting becomes more challenging due to the considerable estimation uncertainty embodied
in the nonparametric LRV estimator. The standard …rst-order normal approximation completely
ignores the estimation uncertainty in LRV and does not re‡ect the …nite sample situations prop-
erly. Phillips (2005) proposes a new type of LRV estimators using orthonormal series basis func-
tions. Müller (2007) and Sun (2011, 2013) develop its more accurate …rst-order approximation,
so called …xed-smoothing asymptotics, and show its superior …nite-sample performances.

In the two-step GMM with over-identi…cation, Sun (2014) and Hwang and Sun (2017) develop
…xed-smoothing asymptotics and show that improved performances relative to the normal ap-
proximation. Hwang and Valdés (2020) provide further …nite-sample improvement by correcting
the bias of variance two-step GMM estimator. The literature, however, show the …nite-sample
improvements using the …xed-smoothing asymptotics by Monte-Carlo simulations. To the best
of our knowledge, there is no work in time-series GMM that rigorously prove the higher-order
accuracy of the …xed-smoothing asymptotics that achieve more accurate …nite sample null re-
jection in a precise technical sense. In this paper, we …ll the technical gap in the literature and
develop a higher-oder expansion of t-statistic of the two-step GMM. In addition to the higher-
order expansion, we provide an optimal choice of smoothing parameters which directly focuses on
heteroskedasticity autocorrelation robust (HAR) inferential problem in an over-identi…ed GMM
setting.

The higher-order properties of GMM estimator has been an active research area in econo-
metrics. Hansen, Heaton, and Yaron (1996) …rst suggest continuously updating (CU) GMM to
improve …nite-sample performance of the two-step GMM. Its generalization to generalized em-
pirical likelihood (GEL) method has been done in Smith (1997), Imbens, Spady, and Johnson
(1998), Kitamura and Stutzer (1997), and Newey and Smith (2004). Importantly, Newey and
Smith (2004) and Anatolyev (2005) prove improved higher-order bias and variance properties of
GEL estimators in i.i.d setting and time-series setting, respectively. Still, the poor …nite-sample
performances of GEL remain issues, as pointed by extensive numerical work in Guggenberger
and Hahn (2005) and Guggenberger (2008). Moreover, the results in Newey and Smith (2004)
and Anatolyev (2005) do not lead to key inferential properties of GMM estimators, as they do
not consider a higher-order expansion of …nite sample null rejection probability of t-statistic.

In the context of bootstrapping GMM, Hall and Horowitz (1996) …rst prove the higher-order
property of GMM inference via an Edgeworth expansion of the t-statistic, but they assume a
less general …nite dependence structure in time series. Inoue and Shintani (2005) relaxes a …-
nite dependence structure in Hall and Horowitz (1996), but the proposed moving-block bootstrap
method requires an additional choice of block length in practice. Sun and Phillips (2009) also pro-
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vide an Edgeworth expansion in time-series GMM regression, but their approach is not applicable
to the HAR inference with the OS-LRV considered in our paper.

Recently, a new type of inferential methods in time-series, so called HAR inference, develop the
alternative …rst-order …xed-smoothing asymptotics (Phillips,2005; Müller, 2007; Sun et al.,2008).
See also Lazarus et al. (2018) for its practical implementation. Sun et al. (2008), Sun (2011, 2013,
2014), and Zhang and Shao (2013) rigorously prove the higher-order accuracy of the alternative
…xed-smoothing asymptotics in HAR inference. All of these papers, however, focus on the one-
step GMM estimator, or exactly identi…ed GMM model.

In this paper, we develop a higher-order expansion of the t-statistic considering the two-
step GMM estimation in HAR inference. Technically, it is more challenging to account for the
estimation uncertainty of the optimal weighting matrix in the two-step GMM framework. To
derive the higher-order expansion, we …rst decompose the original t-statistic into an infeasible
t-statistic and other error terms that do not involve the non-parametric estimation of the optimal
weighting matrix. We then transform the higher-order approximation of the infeasible t-statistic
into an inference in Gaussian over-identi…ed location model. In the over-identi…ed location model,
we introduce a novel GLS-two-step t-statistic and show its asymptotic equivalence to the infeasible
t-statistic. Using these …ndings, we are able to expand the …nite-sample CDF of the original t-
statistic around CDF of the chi-square distribution with one degree of freedom and characterize
the leading higher-order terms.

Based on the higher-order expansion, we provide an optimal choice of smoothing parameters
for HAR inference which directly focuses on the inferential problem in the over-identi…ed GMM
problem. Our formula generalizes what is previously suggested in Sun (2013) for the exact
identi…ed GMM, as it converges to the formula in Sun (2013) when there is no over-identi…cation.

This paper generalizes a higher-order expansion in HAR inference pioneered in Sun, Phillips,
and Jin (2008) and Sun (2011, 2013) to the over-identi…ed two-step GMM framework. Our
theoretical results show that the …xed-smoothing asymptotics in two-step GMM provides a higher-
order re…nement of the conventional GMM t-test using standard normal critical value. Our result
also provides a new formula of optimal smoothing parameter in HAR inference in GMM, which
directly focuses on inferential problems.

The rest of the paper is organized as follows. Section 2 describes a general two-step GMM
in a time-series setting and derives its asymptotic property. Section 3 establishes a higher-order
expansion for the test statistics in Gaussian overidenti…ed location model. Section 4 consider
selecting K to minimize the coverage probability error on the basis of this expansion in previous
sections. Section 5 concludes. Proofs are presented in the Appendix.

2 Two-step GMM in Over-identified System

This paper considers the following over-identi…ed GMM model in time-series and HAR inference,
e.g., Sun (2014), Hwang and Sun (2017), and Hwang and Valdés (2020). We want to estimate
a d × 1 vector of parameter θ ∈ Θ using a vector of observation wt ∈ Rdw at time t. The true
parameter θ0 is assumed to be an interior point of Θ. The moment condition is given as

Ef(wt, θ) = 0 i¤ θ = θ0,

where f(wt, θ) is an m × 1 vector of moment process which is linear in parameter vector θ.
Leading example is a linear IV regression model in time series with f(wt, θ) = zt(yt−x′tθ), where
wt = (yt, x

′
t, z
′
t)
′ ∈ Rdw consists of the observed data, e.g., Inoue and Shintani (2006) and Sun
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and Phillips (2009). With the true parameter θ = θ0, the process f(wt, θ0) is stationary with
zero mean. We allow f(wt, θ0) to have general autocorrelation of unknown forms and satisfy∑∞

j=−∞ ‖Ef(wt, θ0)f(wt−j , θ0)′‖ < ∞ and some mixing conditions for the time-series CLT as
follows

1√
T

T∑
t=1

f(wt, θ0)
d→ N(0,Σ), (1)

where N(0,Σ) is a m-dimensional normal random vector. The m×m matrix Σ = ΛΛ′ is a positive
de…nite long-run variance (LRV) of the moment process f(wt, θ0), i.e. Σ =

∑∞
j=−∞Ef(wt, θ0)f(wt−j , θ0).

Also, we assume that q = m−d > 0, and the rank of G = E[∂f(wt, θ0)/∂θ′] is d. Thus the model
is overidenti…ed with a degree of over-identi…caion q. Let fT (θ) = 1

T

∑T
s=1 f(ws, θ) and de…ne a

one-step GMM estimator as
θ̂1 = arg min

θ∈Θ
fT (θ)′W−1

T fT (θ),

where WT is an initial weight matrix. Using this one-step estimator, the feasible e¢cient two-step
GMM estimator in Hansen(1982) is de…ned as

θ̂2 = arg min
θ∈Θ

fT (θ)′
[
ΣT (θ̂1)

]−1
fT (θ),

where

ΣT (θ̂1) =
1

K

K∑
j=1

(
1√
T

T∑
t=1

φj(
t

T
)f(wt, θ)

)(
1√
T

T∑
s=1

φj(
s

T
)f(ws, θ)

)′

and
{
φj (r)

}
are orthonormal basis functions on L2[0, 1] satisfying

∫ 1
0 φj (r) dr = 0. We parame-

trize h in such a way that h indicates the level of smoothing for both types of LRV estimators.
By construction, ΣT (θ̂1) is a quadratic heteroskedasticity autocorrelation robust (HAR) es-

timator for the LRV Ω. It is important to note that ΣT (θ̂1) is a “centered” version of the LRV
estimator, as it is based on the estimation of the demeaned moment process f(wt, θ̂1) − fT (θ̂1).
Under the conventional asymptotic theory, Hall (2000) shows that the demeaning procedure can
potentially improve the power performance of the J-test using the HAR estimator. Also, this
demeaned procedure plays an important role in …xed smoothing asymptotics as the random ma-
trix limit of ΣT (θ0) is independent of the limiting distribution of

√
TfT (θ0) which is a normal

distribution.
With d = 1, this paper considers the following GMM t statistic for testing H0 : θ = θ0:

TT := TT (θ̂2; θ̂1) =

√
T (θ̂2 − θ0)√

[G′TΣ−1
T (θ̂1)GT ]−1

.

The main contribution of this paper is to develop a higher-order expansion of the …nite-sample
probability of the GMM t-statistics

P (TT (θ̂2; θ̂1) ≤ z),

as T → ∞ such that K/T → 0. The main object is the two-step GMM t-statistic TT (θ̂2; θ̂1)
that depends on both …rst-step and two-step estimators with non-linear interactions, espe-
cially through Σ−1

T (θ̂1). It is technically challenging to obtain the valid Edgeworth expansion
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for TT (θ̂2; θ̂1). Sun and Phillips (2009) proves the same object with linear-GMM regression set-
ting with kernel-LRV estimator for ΣT (θ̂1). Sun (2013, 2014) develops the higher-order expansion
of general GMM model, but is only applicable to the …rst-step GMM estimator θ̂1.To confront
these technical challenges and develop a high order expansion in the over-identi…ed GMM setting,
we …rst establish the following stochastic approximation in Lemma. We …rst introduce high level
assumptions that are necessary for Lemma.

Assumption 1 θ̂1 = θ0 + Op(T
−1/2) and GT = G + Op(T

−1/2), where the terms of order
Op(T

−1/2) does not depend on K.

Assumption 2 As K →∞ and T →∞ such that K/T → 0, we have that

ΣT (θ0) = Σ +Op

(
K2

T 2
+

1√
K

)
; (2)

ΥT (θ0) + Υ′T (θ0) = Υ + Υ′ +Op

(
K2

T 2
+

1√
K

)
(3)

where Σ is positive definite, and

ΥT (θ) =
1

K

K∑
j=1

(
1√
T

T∑
t=1

φj

(
t

T

)
∂f(wt, θ)

∂θ

)(
1√
T

T∑
s=1

φj

( s
T

)
f(ws, θ)

)′
.

Assumption 1 is made for convenience, and primitive su¢cient conditions are available from
the time-series standard GMM asymptotic theory, e.g. Sun (2013, 2014). One of the key require-
ments for the …rst condition is that the initial GMM weight matrix WT do not depend on the
unknown parameter value θ0 and it converges to W with parametric rate of convergence of order
Op(T

−1/2). Assumption 2 is made for convenience, and su¢cient conditions for (2) and (3) can
be referred to HAR literature, as in Phillips (2005) and Sun (2013). They study the asymptotic
results for the OS-LRV estimator assuming large K →∞ and T →∞ such that K/T → 0.

Lemma 1 Under Assumptions (1)—(2), we have that

TT (θ̂2; θ̂1) = TT (θ0) + ψT + ψ∗T ,

where

TT (θ0) = −
[
G′Σ−1

T (θ0)G
]−1

G′Σ−1
T (θ0)

√
TfT (θ0)√

[G′Σ−1
T (θ0)G]−1

;

ψT = Op

(
1√
T

)
;

ψ∗T = Op

(
1√
T

(
1√
K

+
K2

T 2
+

1√
T

))
,

and ψT does not depend on K.

Assumption 3 For suffi ciently large M > 0, we have that P (|ψT | > log T/
√
T ) = O(1/

√
T )

and P (|ψ∗T | > δT / log T ) = o(δT ) for δT = 1/K +K2/T 2.
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Lemma 2 Under Assumptions 1—3, and if K →∞ such that K/T → 0, then we have that

P
(
TT (θ̂2; θ̂1) ≤ z

)
= P (TT (θ0) ≤ z) +O

(
log T√
T

)
+ o

(
K2

T 2

)
+ o

(
1

K

)
.

Let G = U
m×m

· Ψ
m×d

· V′
d×d

be a singular value decomposition (SVD) of G, where Ψ′ =(
A
d×d

, O
d×q

)
, and A is a d× d diagonal matrix and O is a matrix of zeros. Also, we de…ne the

rotated moment conditions and the rotated long run variance

f∗(wt, θ0) : = U′f(wt, θ0) = (f∗1 (wt, θ0), f∗′2 (wt, θ0))′

Ω = U′ΣU =

(
Ω11 Ω12

Ω21 Ω22

)
,

respectively, where f∗1 (wt, θ0) ∈ Rd and f∗2 (wt, θ0) ∈ Rq. The corresponding long run variance
estimator with the transformed moment condition is then naturally de…ned as

Ω̂ = U′ΣT (θ0)U

=
1

K

K∑
j=1

(
1√
T

T∑
t=1

φj(
t

T
)f∗(wt, θ0)

)(
1√
T

T∑
s=1

φj(
s

T
)f∗(ws, θ)

)′

=

(
Ω̂11 Ω̂12

Ω̂21 Ω̂22

)
.

Lemma 3 Let G = U
m×m

· Ψ
m×d
· V′
d×d

be a singular value decomposition (SVD) of G, where Ψ′ =(
A
d×d

, O
d×q

)
, and A is a d× d diagonal matrix and O is a matrix of zeros. Then, we have that

(a) 1√
T

∑T

t=1

[
G′Σ−1

T (θ0)G
]−1

G′Σ−1
T (θ0)f(wt, θ0) = 1√

T
VA−1

∑T

t=1

[
f∗1 (wt, θ0)− Ω̂12[Ω̂22]−1f∗2 (wt, θ0)

]
;

(b) G′Σ−1
T (θ0)G = A−1VΩ̂11·2A−1V.

Let us de…ne
s1t = f∗1 (wt, θ0) and s2t = f∗2 (wt, θ0) ,

and s̄1T = T−1
∑T

t=1 s1t and s̄2T = T−1
∑T

t=1 s2t. Then, the result in Lemma 3-(a) indicates that

1√
T

T∑
t=1

[
G′Σ−1

T (θ0)G
]−1

G′Σ−1
T (θ0)f(wt, θ0) =

1√
T
VA−1

T∑
t=1

(
s1t − Ω̂12[Ω̂22]−1s2t

)
.

Using Lemma 3-(b), the infeasible t-statistic can be represented as

TT (θ0) =

√
T
(
s̄1T − Ω̂12[Ω̂22]−1s̄2T

)
√

Ω̂11·2
.
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3 Over-identified Location Model

We consider the following over-identi…ed location problem for testing H∗0 : θ∗0 = 0 as below:

s1t = θ∗0 + v1t; (4)

s2t = v2t (5)

for t = 1, . . . , T, where st = (s1t, s2t)
′ ∈ Rd+q and vt = (v1t, v2t)

′ ∈ Rd+q. The corresponding
LRV of the transformed moment process {vt = (s1t − θ∗0, s′2t)′} is Ω =

∑∞
j=−∞ vtvt−j . Using the

original parameters, the parameters in the location model can be expresses as

θ∗0 = AV′θ0;

Ω = U′ΣU.

Let’s denote S1 = (s11, . . . , s1T ), and S2 = (s21, . . . , s2T ). Also, S = (s′1, s
′
2, . . . , s

′
T ) ∈ R2T , with

st = (s1t, s2t)
′, and V = (v′1, v

′
2, . . . , vT )′ with vt = (v1t, v2t)

′. For simplicity, we assume d = 1.
De…ne the one-step and the two-step GMM estimators in the over-identi…ed location problems:

θ̂
∗
1 = s̄1T ;

θ̂
∗
2 = T−1

∑(
s1t − Ω̂12Ω̂−1

22 s2t

)
= s̄1T − Ω̂12Ω̂−1

22 s̄2T ,

where s̄1T = T−1
∑T

t=1 s1t and s̄2T = T−1
∑T

t=1 s2t, and for K ≥ d + q. Under H0 : θ∗0 = 0, our
goal is equivalent to provide a …nite-sample probability of the following two-step GMM statistics:

t(θ̂
∗
2) =

√
T
(
θ̂
∗
2 − θ∗0

)
√

Ω̂11·2

=

√
T
(
s̄1T − Ω̂12[Ω̂22]−1s̄2T

)
√

Ω̂11·2
,

which is equivalent to the infeasible t-statistic TT (θ0) at the original problem. We want to …rst
provide the exact expression for

P (t(θ̂
∗
2) ≤ z) = Actual …nite sample probability, (6)

as K → ∞ such that K/T → 0. The expression for (6) is given Sun and Phillips (2009) with a
kernel long-run variance estimator. However, in the literature, the expression for (6) using the
orthonormal-series (OS) long-run variance estimator has not found yet. So, we …ll this gap in
this note.

Recall that S = (s′1, s
′
2, . . . , s

′
T ) ∈ R2T , with st = (s1t, s2t)

′. We …rst de…ne the GLS of the
over-identi…ed system in (4)—(5), i.e.

µ̂GLS =

(
θ̂
∗
1,GLS

s̄2T,GLS

)
=

[
(1T ⊗ I2)′

[
Σ̃2T

]−1
(1T ⊗ I2)

]−1 [
(1T ⊗ I2)′

[
Σ̃2T

]−1
S

]
∈ R2

=

[
L′T

[
Σ̃2T

]−1
LT

]−1 [
L′T

[
Σ̃2T

]−1
S

]
,
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where

LT = (1T ⊗ I2) =

 I2
...
I2

 ∈ R2T×2;

Σ̃2T = V ar((s′1, s
′
2, . . . , s

′
T ))

= V ar(S) ∈ R2T×2T .

We de…ne a GLS version of the two-step GMM estimator as below:

θ̂
∗
2,GLS = θ̂

∗
1,GLS − Ω̂12Ω̂−1

22 s̄2T,GLS

=
(

1 −Ω̂12Ω̂−1
22

)( θ̂
∗
1,GLS

s̄2T,GLS

)
:= Π̂µ̂GLS,

where
Π̂ =

(
1 −Ω̂12Ω̂−1

22

)
∈ R1×2.

Note that the original estimator of the two-step GMM estimator can be also written by using
the OLS estimator µ̂OLS as below:

θ̂
∗
2 = θ̂

∗
1 − Ω̂12Ω̂−1

22 s̄2T

=
(

1 −Ω̂12Ω̂−1
22

)( θ̂
∗
1

s̄2T

)
:= Π̂µ̂OLS

with

µ̂OLS =

(
θ̂
∗
1

s̄2T

)
=

(
s̄1T

s̄2T

)
= (L′TLT )−1L′TS.

Then, it is straightforward to check that

θ̂
∗
2 − θ∗0 = θ̂

∗
2,GLS − θ∗0 + Π̂

(1T ⊗ I2)︸ ︷︷ ︸
L′T

′(1T ⊗ I2)


−1 [

(1T ⊗ I2)′W̃
]

= Π̂(µ̂GLS − µ0) + Π̂
(
L′TLT

)−1
(L′T W̃ );

= Π̂
[
(µ̂GLS − µ0) +

(
L′TLT

)−1
(L′T W̃ )

]
= Π̂(µ̂GLS − µ0) + Π̂

(
L′TLT

)−1
(L′T W̃ )

where

W̃ =

(
I2T − (1T ⊗ I2)

[
(1T ⊗ I2)′

[
Σ̃2T

]−1
(1T ⊗ I2)

]−1

(1T ⊗ I2)′
[
Σ̃2T

]−1
)
S

=

(
I2T − LT

[
L′T

[
Σ̃2T

]−1
LT

]−1

L′T

[
Σ̃2T

]−1
)
S,
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which can be equivalently read as

θ̂
∗
2 − θ∗0 = Π̂µ̂OLS

= Π̂(µ̂GLS +
(
L′TLT

)−1
L′W̃ )

= (θ̂
∗
2,GLS − θ∗0) + Π̂

(
L′TLT

)−1
L′T W̃ . (7)

Using θ̂
∗
2,GLS, we de…ne a GLS-version of t and F statistics:

t(θ̂
∗
2,GLS) =

√
T (θ̂

∗
2,GLS − θ0)√

Ω̂11·2
;

De…ne

ΩT =

(
ΩT,11 ΩT,12

ΩT,21 ΩT,22

)
= var

[√
T (µ̂GLS − µ0)

]
and

ΩT,11·2 = ΩT,11 − ΩT,12 [ΩT,22]−1 ΩT,21;

ΠT =
(

1 −ΩT,12[ΩT,22]−1
)
.

In Lemma 4, we prove the asymptotic equivalence of θ̂
∗
2 and its GLS-modi…cation θ̂

∗
2,GLS, which

is a key step to prove our main results.

Assumption 4 (Linear_Process) Assume a linear process for vt = (v1t, v
′
2t) ∈ R1+q :

vt = C(L)εt =
∞∑
j=0

Cjεt−j ,

where εt = (ε1t, ε
′
2t)
′ i.i.d∼ N(0, Iq+1), and Cj’s are (q + 1)× (q + 1) matrix such that

E||εt||ν <∞ for some ν ≥ 4;
∞∑
j=0

ja||Cj || <∞ for a > 3;

Ω = C(1)C(1)′ > 0,

where C(1) =
∑∞

j=0Cj .

Lemma 4 Assume V ∼ N(0, Σ̃2T ). Then, for K ≥ d+ q and d = 1, we have that

i) P
(
|t(θ̂∗2,GLS)| ≤ z

)
= E

[
G1

(
Ξ−1

)]
+O

(
1
T

)
;

ii) P
(
|t(θ̂∗2)| ≤ z

)
= P

(∣∣∣t(θ̂∗2,GLS)
∣∣∣ ≤ z)+O

(
1
T

)
,

where

Ξ =

1 +

(
Ω12Ω−1

22 − Ω̂12Ω̂−1
22

)
Ω22

(
Ω12Ω−1

22 − Ω̂12Ω̂−1
22

)′
Ω11·2

× (Ω11·2

Ω̂11·2

)
.
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Theorem 5 Let Assumption 4 hold. As K →∞ such that K/T → 0, we have that

PH∗0

(
|t(θ̂∗2)| ≤ z

)
= G1 (z) +G′1(z)z

(
K2

T 2

)
B̃ −G′1(z)z

(
2q

K

)
+G

′′
1(z)z2

(
1

K

)
+ o

(
1

K

)
,

where

B̃ =
B11 − 2Ω12Ω−1

22 B21 +
(
Ω12Ω−1

22 ⊗ Ω12Ω−1
22

)
vec(B22)

Ω11·2
.

Also, we have that

P (F∞ ≤ z) = G1 (z)−G′1 (z) z

(
2q

K

)
+G

′′
1 (z) z2

(
1

K

)
+ o

(
1

K

)
,

as K →∞.

Together with our theoretical results in Lemmas 1—3, the higher order expansion of the over-
identi…ed location model shown in Theorem 5 leads to the main result of this paper as follows.

Theorem 6 Let Assumptions 1—4 hold. As K →∞ and T → such that K/T → 0, we have that

PH0

(∣∣∣TT (θ̂2; θ̂1)
∣∣∣ ≤ z) = G1 (z) +G′1(z)zB̃

(
K2

T 2

)
− 2G′1(z)zq

(
1

K

)
+G

′′
1(z)z2

(
1

K

)
+O

(
log T√
T

)
+ o

(
K2

T 2

)
+ o

(
1

K

)
.

Under alternative asymptotics which assumes that K is …xed when T → ∞, Theorem 1 in
Sun (2014) shows that

TT (θ̂2; θ̂1)
d→ T d

=
Z1 − S12S−1

22 Z2√
S11·2

, (8)

where Z1 ∼ N(0, 1), Z2 ∼ N(0, Iq), Z1 ⊥ Z2, and S11, S12, and S22 are submatrices of S ∼
K−1Wp(K, Im) which is a scaled Wishart random matrix with degree of freedom equal to K, i.e.,

S =

 S11
1×1

S12
1×q

S21
q×1

S22
q×q

 .

Expanding the …xed-K limiting distribution, T, by letting K →∞, Theorem 3-(c) in Sun (2014)
implies that

P (|T| > z) = 1−G1 (z) + 2G′1(z)zq

(
1

K

)
−G′′1(z)z2

(
1

K

)
+ o

(
1

K

)
.

Thus, we obtain that

α+ o

(
1

K

)
= 1−G1

(
T1−α/2

)
+ 2G′1(T1−α/2)T1−α/2q

(
1

K

)
−G′′1(T1−α/2)T2

1−α/2

(
1

K

)
,
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where T1−α/2 is two-sided …xed-K asymptotic critical value such that P (|T| > T1−α/2) = α.
Then, using the result in Theorem 6, we have that

PH0

(∣∣∣TT (θ̂2; θ̂1)
∣∣∣ > T1−α/2

)
= α+O

(
K2

T 2

)
+O

(
log T√
T

)
+ o

(
K2

T 2

)
+ o

(
1

K

)
, (9)

whereas the null rejection probability using conventional normal critical value, z1−α/2, yields

PH0

(∣∣∣TT (θ̂2; θ̂1)
∣∣∣ > z1−α/2

)
= α+O

(
K2

T 2

)
+O

(
(1 + q)

K

)
+O

(
log T√
T

)
+ o

(
K2

T 2

)
+ o

(
1

K

)
.

Therefore, using the alternative …xed-K critical value, we are able to remove the error of order
O ((1 + q)/K) embodied in the standard normal t-test. In this sense, our result in Theorem 6 is
a key device to show the second-order correctness of the alternative …xed-K asymptotics in two-
step GMM framework. In addition, one can implement Windmeijer-type correction in TT (θ̂2; θ̂1),
as in Hwang and Valdés (2021), and further correct the O(log T/

√
T ) error in (9).

4 Type-I Error Optimal K Choice in Two-step GMM

Suppose we are interested in testing the parameter θ0. Using a conventional χα1 critical value, one
can construct a two-sided con…dence interval of the form {θ : |TT (θ̂2; θ̂1)|2 ≤ χα1 }, and reject the
null hypothesis H0 : θ = θ0 if and only if θ /∈ {θ : |TT (θ̂2; θ̂1)|2 ≤ χ1−α

1 }, where 1−G1

(
χ1−α

1

)
= α.

Then up to small order terms, o(K−1), its Type-I error, or false rejection probability, is∣∣∣P (|TT (θ̂2; θ̂1)|2 > χα1

)
− α

∣∣∣
=

∣∣∣∣1−G1

(
χ1−α

1

)
−G′1(χ1−α

1 )χ1−α
1

(
K2

T 2

)
B̃

+G′1(χ1−α
1 )χ1−α

1

(
2q

K

)
−G′′1(χ1−α

1 )(χ1−α
1 )2

(
1

K

)
− α

∣∣∣∣
=

∣∣∣∣G′1(χ1−α
1 )χ1−α

1

(
2q

K

)
−G′1(χ1−α

1 )χ1−α
1

(
K2

T 2

)
B̃ −G′′1(χ1−α

1 )(χ1−α
1 )2

(
1

K

)∣∣∣∣
=

∣∣∣∣(K2

T 2

)
G′1(χ1−α

1 )χ1−α
1 B̃ +

(
1

K

)
G
′′
1(χ1−α

1 )(χ1−α
1 )2 −

(
2q

K

)
G′1(χ1−α

1 )χ1−α
1

∣∣∣∣
=

∣∣∣∣(K2

T 2

)
G′1(χ1−α

1 )χ1−α
1 B̃ +

(
1

K

)(
G
′′
1(χ1−α

1 )(χ1−α
1 )2 − 2qG′1(χ1−α

1 )χ1−α
1

)∣∣∣∣
≤

(
K2

T 2

) ∣∣∣G′1(χ1−α
1 )χ1−α

1 B̃
∣∣∣+

(
1

K

) ∣∣∣(G′′1(χ1−α
1 )(χ1−α

1 )2 − 2qG′1(χ1−α
1 )χ1−α

1

)∣∣∣ .,
To control the type-I error, we can choose optimal K∗ to minimize the upper bound, and this
leads us to F.O.C.(

2K∗

T 2

) ∣∣∣G′1(χ1−α
1 )χ1−α

1 B̃
∣∣∣− 1

(K∗)2

∣∣∣(G′′1(χ1−α
1 )(χ1−α

1 )2 − 2qG′1(χ1−α
1 )χ1−α

1

)∣∣∣ = 0;

and we have that

K∗ =



∣∣∣(G′′1(χ1−α

1 )χ1−α
1 − 2qG′1(χ1−α

1 )
)∣∣∣

2G′1(χ1−α
1 )

∣∣∣B̃∣∣∣
1/3

· T 2/3

 ,
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where d·e is the ceiling function. When q = 0, i.e., the model is exactly identi…ed with Ω12 = 0
and B21 = 0, we have that

B̃ =
B11 − 2Ω12Ω−1

22 B21 +
(
Ω12Ω−1

22 ⊗ Ω12Ω−1
22

)
vec(B22)

Ω11·2

=
B11

Ω11
.

Then, the optimal choice for K∗ is equal to

K∗ =



∣∣∣(G′′1(χ1−α

1 )χ1−α
1

)∣∣∣
2G′1(χ1−α

1 ) |B11/Ω11|

1/3

· T 2/3

 ,
which is exactly the result for CPE-optimized K obtained in Sun (2013). Therefore, our result is
a generalization of the optimal K-formula when we consider an over-identi…ed GMM model. The
optimal formula for K∗ establishes a relation between the value of q and other model parameters
such as Ω12, Ω22, and B21 in the over-identi…ed GMM system.

5 Conclusion

In this paper, we develop a higher-order expansion of test statistic for heteroskedasticity au-
tocorrelation robust (HAR) inference in an over-identi…ed two-step GMM framework. Our new
higher-order expansion rigorously shows the higher-order accuracy of the …xed-smoothing asymp-
totics in …nite sample null rejection probability. We also provide an optimal choice of smoothing
parameters that directly accounts for the degree of over-identi…caion in HAR inferential prob-
lem. Our formula for the optimal smoothing parameter generalizes the formula in Sun (2013)
which works under the exact identi…ed GMM, as both formulas coincide when there is no over-
identi…cation.
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6 Appendix of Proofs

Proof of Lemma 1. Recall that

TT (θ̂2; θ̂1) =

√
T (θ̂2 − θ0)√

[G′T [ΣT (θ̂1)]−1GT ]−1
.

To investigate the asymptotic behavior of θ̂2, we look at F.O.C for θ̂2 which is given by :

G′T [ΣT (θ̂1)]−1fT (θ̂2) = 0,

and thus we have that
√
T (θ̂2 − θ0) = −(G′T [ΣT (θ̂1)]−1G′T )−1G′T [ΣT (θ̂1)]−1

√
TfT (θ0),

by the linearity of moment process. From equation (10) in Hwang and Valdés (2020), we have
that

√
T (θ̂2−θ0) = −(G′T [ΣT (θ0)]−1G′T )−1G′T [ΣT (θ0)]−1

√
TfT (θ0)+Dθ0,ΣT (θ0)

√
T (θ̂1−θ0)+op

(
1√
T

)
,

where

Dθ0,ΣT (θ0) =
∂ − (G′TΣ−1

T (θ)GT )−1G′TΣ−1
T (θ)

√
TfT (θ0)

∂θ′

∣∣∣∣∣
θ=θ0

= −(G′TΣ−1
T (θ0)GT )−1G′TΣ−1

T (θ0)
∂ΣT (θ)

∂θ

∣∣∣∣
θ=θ0

Σ−1
T (θ0)G′T (G′TΣ−1

T (θ0)GT )−1G′TΣ−1
T (θ0)fT (θ0)︸ ︷︷ ︸

:=DI

+(G′TΣ−1
T (θ0)GT )−1G′TΣ−1

T (θ0)
∂ΣT (θ)

∂θ

∣∣∣∣
θ=θ0

Σ−1
T (θ0)fT (θ0)︸ ︷︷ ︸

:=DII

,

and

∂ΣT (θ)

∂θ
= ΥT (θ) + ΥT (θ)′;

ΥT (θ) =
1

K

K∑
j=1

(
1√
T

T∑
t=1

φj

(
t

T

)
∂f(wt, θ)

∂θ

)(
1√
T

T∑
s=1

φj

( s
T

)
f(ws, θ)

)′
.

By Assumptions 1 and 2, we have that

GT = G+Op

(
1√
T

)
;

Σ−1
T (θ0) = Σ−1 +Op

(
K2

T 2
+

1√
K

)
;

∂ΣT (θ)

∂θ

∣∣∣∣
θ=θ0

= Υ + Υ′ +Op

(
K2

T 2
+

1√
K

)
,
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and using these equations, we obtain that

G′TΣ−1
T (θ0)GT =

(
G′ +Op

(
1√
T

))(
Σ−1 +Op

(
K2

T 2
+

1√
K

))(
G+Op

(
1√
T

))
= (G′Σ−1G) +Op

(
1√
T

)
+Op

(
K2

T 2
+

1√
K

)
+Op

(
1

T

)
,

which implies that(
G′TΣ−1

T (θ0)GT
)−1

= (G′Σ−1G)−1 +Op

(
1√
T

)
+Op

(
K2

T 2
+

1√
K

)
+Op

(
1

T

)
.

Similarly, we have that

G′TΣ−1
T (θ0)

∂ΣT (θ)

∂θ

∣∣∣∣
θ=θ0

Σ−1
T (θ0)G′T

= G′Σ−1
(
Υ + Υ′

)
Σ−1G+Op

(
1√
T

)
+Op

(
K2

T 2
+

1√
K

)
+Op

(
1

T

)
Also, we have that

G′TΣ−1
T (θ0)fT (θ0) =

(
G′ +Op

(
1√
T

))
×
(

Σ−1 +Op

(
K2

T 2
+

1√
K

))
Op

(
1√
T

)
= Op

(
1√
T

)
+Op

(
1√
T

(
K2

T 2
+

1√
K

+
1√
T

))
+Op

(
1

T

)
.

Careful inspections of the above equations show that the terms Op(T−1/2) does not depend on
K. Therefore, we have that

DI = −(G′TΣ−1
T (θ0)GT )−1

{
G′TΣ−1

T (θ0)
∂ΣT (θ)

∂θ

∣∣∣∣
θ=θ0

Σ−1
T (θ0)G′T

}
(G′TΣ−1

T (θ0)GT )−1G′TΣ−1
T (θ0)fT (θ0).

= −
{

(G′Σ−1G)−1 +Op

(
1√
T

)
+Op

(
K2

T 2
+

1√
K

)
+Op

(
1

T

)}
×
{
G′Σ−1

(
Υ + Υ′

)
Σ−1G+Op

(
1√
T

)
+Op

(
K2

T 2
+

1√
K

)
+Op

(
1

T

)}
×
{

(G′Σ−1G)−1 +Op

(
1√
T

)
+Op

(
K2

T 2
+

1√
K

)
+ +Op

(
1

T

)}
×
(
Op

(
1√
T

)
+Op

(
1√
T

(
K2

T 2
+

1√
K

+
1√
T

))
+Op

(
1

T

))
= Op

(
1√
T

)
+Op

1√
T

(
K2

T 2
+

1√
K

+
1√
T

)
,

where the term inside Op(T−1/2) does not depend on K. Similarly, we have that the second term
admits the same order of the expansion derived in the last equation, i.e.

DII = −(G′Σ−1G)−1G′Σ−1
(
Υ + Υ′

)
Σ−1fT (θ0) +Op

(
1√
T

)
+Op

(
1√
T

(
K2

T 2
+

1√
K

+
1√
T

))
= Op

(
1√
T

)
+Op

(
1√
T

(
K2

T 2
+

1√
K

+
1√
T

))
.
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Using similar expansions, we can also show that(
GTΣ−1

T (θ̂1)GT

)
= (G′Σ−1

T (θ0)G) +Op

(
1√
T

)
+Op

(
1√
T

(
K2

T 2
+

1√
K

+
1√
T

))
;

G′T [ΣT (θ0)]−1
√
TfT (θ0) = G′[ΣT (θ0)]−1

√
TfT (θ0) +Op

(
1√
T

)
+Op

(
1√
T

(
K2

T 2
+

1√
K

+
1√
T

))
.

Combining these results together, we have that
√
T (θ̂2 − θ0) = −(G′[ΣT (θ0)]−1G′)−1G′[ΣT (θ0)]−1

√
TfT (θ0)

+Op

(
1√
T

)
+Op

(
1√
T

(
K2

T 2
+

1√
K

+
1√
T

))
,

where the term of order Op(T−1/2) does not depend on K. The results imply that

TT (θ̂2; θ̂1) =

√
T (θ̂2 − θ0)√

[G′TΣ−1
T (θ̂1)GT ]−1

=

(
−
(
G′Σ−1

T (θ0)G
)−1

G′Σ−1
T (θ0)

√
TfT (θ0) +Op

(
1√
T

)
+Op

(
1√
T

(
K2

T 2
+

1√
K

+
1√
T

)))
×
(

(G′Σ−1
T (θ0)G)1/2 +Op

(
1√
T

)
+Op

(
1√
T

(
K2

T 2
+

1√
K

+
1√
T

)))
= TT (θ0) + ψT + ψ∗T ,

where ψT = Op(T
−1/2) does not depend on K, and ψ∗T = Op

(
T−1/2

(
K2/T 2 +K−1/2 + T−1/2

))
.

This completes the proof.

Proof of Lemma 3. We …rst prove Part (b). Using the SVD UΨV′ of G, we have

G′Σ−1
T (θ0)G = VΨ′U′ΣT (θ0)−1UΨV′

= VΨ′(U′ΣT (θ0)U)−1ΨV′

= VA
(
Id, O

)
Ω̂−1

(
Id, O

)′
AV′

= VAΩ̂−1
11·2AV

′,

which is the desired result. In the last equation, we have used the following matrix inverse formula

Ω̂−1 =

[(
Ω̂11 Ω̂12

Ω̂21 Ω̂22

)]−1

=

(
Ω̂−1

11·2 −Ω̂−1
11·2Ω̂12Ω̂−1

22

−Ω̂−1
22 Ω̂21Ω̂−1

11·2

(
Ω̂−1

22 + Ω̂−1
22 Ω̂21Ω̂−1

11·2Ω̂12Ω̂−1
22

) ) .
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To prove Part (a), we have that

G′Σ−1
T (θ0)f(wt, θ0)

= VΨ′(U′TΣT (θ0)U)−1U′f(wt, θ0)

= VA
(
Id, O

)
Ω̂−1f∗ (wt, θ0)

= VA
(
Id, O

)( Ω̂−1
11·2 −Ω̂−1

11·2Ω̂12Ω̂−1
22

−Ω̂−1
22 Ω̂21Ω̂−1

11·2

(
Ω̂−1

22 + Ω̂−1
22 Ω̂21Ω̂−1

11·2Ω̂12Ω̂−1
22

) ) f∗ (wt, θ0)

= VA
(

Ω̂−1
11·2, −Ω̂−1

11·2Ω̂12Ω̂−1
22

)
f∗ (wt, θ0)

= VAΩ̂−1
11·2

[
f∗1 (wt, θ0)− Ω̂12Ω̂−1

22 f
∗
2 (wt, θ0)

]
.

Combining this result into the one in Part (b), we have that

1√
T

T∑
t=1

[
G′Σ−1

T (θ0)G
]−1

G′Σ−1
T (θ0)f(vt, θ0)

=
1√
T

T∑
t=1

[
VAΩ̂−1

11·2AV
′
]−1

VAΩ̂−1
11·2

×
[
f∗1 (wt, θ0)− Ω̂12Ω̂−1

22 f
∗
2 (wt, θ0)

]
=

1√
T

T∑
t=1

VA−1
[
f∗1 (wt, θ0)− Ω̂12Ω̂−1

22 f
∗
2 (wt, θ0)

]
, (10)

as desired.

6.1 Proof of Lemma 4

Before we prove Lemma 4, we …rst provide some technical results in the following Lemma.

Lemma 7 Let Π̂, W̃ , and µ̂GLS be defined as before, and Assumption 4 holds, so that V ∼
N(0, Σ̃2T ). Then, we have

i) Ω̂ and µ̂GLS are independent.
ii) Π̂ =

(
1 −Ω̂12Ω̂−1

22

)
is independent with µ̂GLS

iii) µ̂GLS and W̃ are independent.

Proof of Lemma 7. Part i) Note that we can represent Ω̂ as:

Ω̂ =
1

K

K∑
j=1

(
1√
T

T∑
t=1

φj(
t

T
) (vt − v̄T )

)(
1√
T

T∑
t=1

φj(
t

T
) (vt − v̄T )

)′
,

where

vt − v̄T =

(
v1t − v̄1T

v1t − v̄2T

)
=

(
s1t − s̄1T

s2t − s̄2T

)
.

Let V̂ = (v′1 − v̄′T , . . . , v′T − v̄′T )′ ∈ R2T , then it is easy to check that

V̂ =
(
I2T − LT (L′TLT )−1L′T

)
V

µ̂GLS − µ0 =

[
L′T

[
Σ̃2T

]−1
LT

]−1

L′T

[
Σ̃2T

]−1
V
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with V = (v′1, v
′
2, . . . , vT )′ and vt = (v1t, v2t)

′. Thus

E
[
(µ̂GLS − µ0)V̂ ′

]
=

[
L′T

[
Σ̃2T

]−1
LT

]−1

L′T

[
Σ̃2T

]−1
× E[V V ′]︸ ︷︷ ︸

:=Σ̃2T

×
(
I2T − LT (L′TLT )−1L′T

)

=

[
L′T

[
Σ̃2T

]−1
LT

]−1

L′T ×
(
I2T − LT (L′TLT )−1L′T

)
=

[
L′T

[
Σ̃2T

]−1
LT

]−1 (
L′T − L′T

)
= 0,

which implies that µ̂GLS − µ0 and V̂ are independent. Since Ω̂ can be represented as a quadratic
form of V̂ , the result also indicates that µ̂GLS − µ0 and Ω̂ are independent. Part ii) Since Π̂ is a
function of the matrix Ω̂, we have that µ̂GLS − µ0 and Π̂ are independent, which is the desired
result. Part iii) Recall that

W̃ =

(
I2T − LT

[
L′T

[
Σ̃2T

]−1
LT

]−1

L′T

[
Σ̃2T

]−1
)
V,

because S = LTµ0 + V and(
I2T − LT

[
L′T

[
Σ̃2T

]−1
LT

]−1

L′T

[
Σ̃2T

]−1
)
LTµ0

= LTµ0 − LT
[
L′T

[
Σ̃2T

]−1
LT

]−1

L′T

[
Σ̃2T

]−1
LTµ0

= LTµ0 − LTµ0

= 0.

Using this, we have

E
[
(µ̂GLS − µ0)W̃ ′

]
=

[
L′T

[
Σ̃2T

]−1
LT

]−1

L′T

[
Σ̃2T

]−1
× E[V V ′]︸ ︷︷ ︸

:=Σ̃2T

×
(
I2T − LT

[
L′T

[
Σ̃2T

]−1
LT

]−1

L′T

[
Σ̃2T

]−1
)′

=

[
L′T

[
Σ̃2T

]−1
LT

]−1

L′T ×
[
I2T −

[
Σ̃2T

]−1
LT

[
L′T

[
Σ̃2T

]−1
LT

]−1

L′T

]

=

[
L′T

[
Σ̃2T

]−1
LT

]−1

L′T −
[
L′T

[
Σ̃2T

]−1
LT

]−1

L′T

[
Σ̃2T

]−1
LT

[
L′T

[
Σ̃2T

]−1
LT

]−1

L′T

=

[
L′T

[
Σ̃2T

]−1
LT

]−1

L′T −
[
L′T

[
Σ̃2T

]−1
LT

]−1

L′T

= 0,

which leads to the desired result.
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Proof of Lemma 4. Part i) With d = 1, we …rst write the statistic F (θ̂2,GLS) as

F (θ̂
∗
2,GLS) =

[
t(θ̂
∗
2,GLS)

]2

=

(√
T (θ̂

∗
2,GLS − θ∗0)√

Ω̂11·2

)2

=

(√
T Π̂ (µ̂GLS − µ0)√

Ω̂11·2

)2

=

√T
{

ΠT (µ̂GLS − µ0) +
(

Π̂−ΠT

)
(µ̂GLS − µ0)

}
√

ΩT,11·2

2

×
(

ΩT,11·2

Ω̂11·2

)
Using the result in Grenader and Rosenblatt (1957), we have that

ΩT = Ω

(
1 +O

(
1

T

))
, (11)

and thus

ΩT,11·2 = Ω11·2

(
1 +O

(
1

T

))
; (12)

ΠT = Π

(
1 +O

(
1

T

))
. (13)

Therefore, we obtain

F (θ̂2,GLS) =

ΠT

√
T (µ̂GLS − µ0)√

ΩT,11·2
+

(
Π̂−Π

)√
T (µ̂GLS − µ0)√

ΩT,11·2

2

×
(

Ω11·2

Ω̂11·2

)
+O

(
1

T

)
.

To further proceed the above expression, we de…ne

AT =
ΠT

√
T (µ̂GLS − µ0)√

ΩT,11·2
;

BT =

(
Π̂−Π

)√
T (µ̂GLS − µ0)√

ΩT,11·2
,

and want to show that

AT ∼ N(0, 1) and BT ∼ N (0,ΦT ) ; (14)

AT and BT are independent, (15)

where

ΦT =
δTΩT,22δ

′
T

ΩT,11·2
.

We …rst prove AT ∼ N(0, 1) in (14). Note that we assumed that V ∼ N(0, Σ̃2T ), and

√
T (µ̂GLS − µ0) =

√
T

[
L′T

[
Σ̃2T

]−1
LT

]−1 [
L′T

[
Σ̃2T

]−1
V

]
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, which indicates that √
T (µ̂GLS − µ0) ∼ N(0,ΩT ),

and thus
√
TΠT,GLS(µ̂GLS − µ0) ∼ N(0,ΨT ), where

ΨT = ΠTΩTΠ′T

=
(

1 −ΩT,12[ΩT,22]−1
)( ΩT,11 ΩT,12

ΩT,21 ΩT,22

)(
1

−[ΩT,22]−1ΩT,21

)
=
(

ΩT,11 − ΩT,12[ΩT,22]−1ΩT,21 ΩT,12 − ΩT,12[ΩT,22]−1ΩT,22

)
×
(

1
−[ΩT,22]−1ΩT,21

)
=
(

ΩT,11·2 0
)( 1
−[ΩT,22]−1ΩT,21

)
= ΩT,11·2.

The result leads us to have
ΠT

√
T (µ̂GLS − µ0)√

ΩT,11·2
∼ N(0, 1),

as desired. To prove the second result in (14), note that

Π̂−Π =
(

1 −Ω̂12Ω̂−1
22

)
−
(

1 −Ω12Ω−1
22

)
=
(

0 −Ω̂12Ω̂−1
22 + Ω12Ω−1

22

)
=
(

0 Ω12Ω−1
22 − Ω̂12Ω̂−1

22

)
:=
(

0 δT
)
.

Then, we have that

BT =

(
Π̂−Π

)√
T (µ̂GLS − µ0)√

ΩT,11·2

=
(

0 δT
)√

T

(
s̄2T,GLS − θ0

s̄2T,GLS

)
/
√

ΩT,11·2

=
δT
√
T s̄2T,GLS√
ΩT,11·2

.

Since
√
T s̄2T,GLS ∼ N(0,ΩT,22), this implies that

BT ∼ N (0,ΦT ) with ΦT =
δTΩT,22δ

′
T

ΩT,11·2
.

We now prove the independence between AT and BT in (15) which is equivalent to prove that
√
T s̄2T,GLS and ΠT

√
T (µ̂GLS − µ0) are independent. (16)

We have that

ΠT,GLS

√
T (µ̂GLS − µ0) =

√
T (s̄1T,GLS − θ0)− ΩT,12Ω−1

T,22

√
T s̄2T,GLS;

√
T

(
s̄1T,GLS − θ0

s̄2T,GLS

)
∼ N

((
0
0

)
,

(
ΩT,11 ΩT,12

ΩT,21 ΩT,22

))
,
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which directly implies (16). Summing up so far, we have proved that

F (θ̂2,GLS) = (AT +BT )2 ×
(

Ω11·2

Ω̂11·2

)
+O

(
1

T

)
AT ∼ N(0, 1) ⊥ BT ∼ N (0,ΦT ) ,

and this implies that

AT +BT ∼ N(0, 1 + ΦT )
d
= N(0, 1)×

√
1 + ΦT

So we have that

F (θ̂2,GLS) = Θ× (1 + ΦT )×
(

Ω11·2

Ω̂11·2

)
+O

(
1

T

)
;

Θ ∼ χ2(1) and ΦT =
δTΩT,22δ

′
T

ΩT,11·2
.

Here Θ is independent of Ω̂11·2 and ΦT by the results in Lemma 7 (i) and (ii). From (11), we
have that

(1 + ΦT )×
(

Ω11·2

Ω̂11·2

)
=

(
1 +

δTΩT,22δ
′
T

ΩT,11·2

)
×
(

ΩT,11·2

Ω̂11·2

)
=

(
Ω11·2

Ω̂11·2

)
×
(

1 +O

(
1

T

))
+
δTΩT,22δ

′
T

Ω̂11·2

=

(
Ω11·2

Ω̂11·2

)
×
(

1 +O

(
1

T

))
+ δTΩT,22δ

′
T ×

[
Ω̂11·2

]−1

=

(
Ω11·2

Ω̂11·2

)
×
(

1 +O

(
1

T

))
+ δTΩ22

(
1 +O

(
1

T

))
δ′T ×

[
Ω̂11·2

]−1

=

(
Ω11·2

Ω̂11·2

)
×
(

1 +O

(
1

T

))
+
δTΩ22δ

′
T

Ω̂11·2
×
(

1 +Op

(
1

T

))
=

(
1 +

δTΩ22δ
′
T

Ω11·2

)
×
(

Ω11·2

Ω̂11·2

)
×
(

1 +Op

(
1

T

))
= Ξ

(
1 +Op

(
1

T

))
,

where Ξ and Θ are independent. Hence, we have that

P
(
F (θ̂2,GLS) ≤ z

)
= P

(
ΘΞ +Op

(
1

T

)
≤ z
)

= P (ΘΞ ≤ z) +O

(
1

T

)
= EG1

(
Ξ−1

)
+O

(
1

T

)
,

which is the desired. Part ii) We want to prove that

P
(
F (θ̂

∗
2) ≤ z

)
= P

(
F (θ̂

∗
2,GLS) ≤ z

)
+O

(
1

T

)
,
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where

F (θ̂
∗
2) =

(√
T (θ̂

∗
2 − θ∗0)√

Ω̂11·2

)2

and F (θ̂
∗
2,GLS) =

(√
T (θ̂

∗
2,GLS − θ∗0)√

Ω̂11·2

)2

.

Note that

P
(
F (θ̂

∗
2) ≤ z

)
= P

(√T (θ̂
∗
2 − θ∗0)√

Ω̂11·2

)2

≤ z


= P

(∣∣∣∣∣
√
T (θ̂

∗
2 − θ∗0)√

Ω̂11·2

∣∣∣∣∣ ≤ z̃
)

= P

(√
T (θ̂

∗
2 − θ∗0)√

Ω̂11·2
≤ z̃
)
− P

(√
T (θ̂

∗
2 − θ∗0)√

Ω̂11·2
≤ −z̃

)
,

where z̃ =
√
z > 0. Thus, the result in Part ii) holds when we prove that

P

(√
T (θ̂

∗
2 − θ∗0)√

Ω̂11·2
≤ z̃
)

= P

(√
T (θ̂

∗
2,GLS − θ∗0)√

Ω̂11·2
≤ z̃
)

+O

(
1

T

)
; (17)

P

(√
T (θ̂

∗
2 − θ∗0)√

Ω̂11·2
≤ −z̃

)
= P

(√
T (θ̂

∗
2,GLS − θ∗0)√

Ω̂11·2
≤ −z̃

)
+O

(
1

T

)
. (18)

We only prove (17) because the proof of (18) can be done in the same way. From (7), we have
that √

T (θ̂
∗
2 − θ∗0)√

Ω̂11·2
=

√
T Π̂(µ̂GLS − µ0)√

Ω̂11·2
+

√
T Π̂ (L′TLT )−1 L′T W̃√

Ω̂11·2
.

The results in Lemma 7 imply that µ̂GLS − µ0 is independent with Ω̂ and W̃ , and thus it is
independent with Ω̂11·2, Π̂, and W̃ . Thus, we have that

P

(√
T (θ̂

∗
2 − θ∗0)√

Ω̂11·2
≤ z̃
)

= P

(√
T Π̂(µ̂GLS − µ0)√

Ω̂11·2
≤ z̃ −

√
T Π̂ (L′TLT )−1 L′T W̃√

Ω̂11·2

)

= E

[
P

(√
T Π̂(µ̂GLS − µ0)√

Ω̂11·2
≤ z̃ −

√
T Π̂ (L′TLT )−1 L′T W̃√

Ω̂11·2

∣∣∣∣∣ Ω̂, W̃
)]

= E

P
√T Π̂(µ̂GLS − µ0)√

Π̂ΩT,11·2Π̂′
≤
(

Ω̂11·2

Π̂ΩT,11·2Π̂′

)1/2

z̃ −
√
T Π̂ (L′TLT )−1 L′T W̃√

Π̂ΩT,11·2Π̂′

∣∣∣∣∣∣ Ω̂, Π̂


Note that ΩT,11·2 is a non-random constant, and we have that

√
T Π̂(µ̂GLS − µ0)√

Π̂ΩT,11·2Π̂′
∼ N(0, 1);

√
T (µ̂GLS − µ0) is independent with Ω̂11·2, Π̂, and W̃ .
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So, the last probability equals

E

Ψ

( Ω̂11·2

Π̂ΩT,11·2Π̂′

)1/2

z̃ −
√
T Π̂ (L′TLT )−1 L′T W̃√

Π̂ΩT,11·2Π̂′

 ,
where Ψ(·) is the cdf of standard normal distribution, and the expectation is taken with respect
to Ω̂11·2, Π̂,and W̃ . Let(

Ω̂11·2

Π̂ΩT,11·2Π̂′

)1/2

z̃ = C and

√
T Π̂ (L′TLT )−1 L′T W̃√

Π̂ΩT,11·2Π̂′
= X,

Then, using a Taylor expansion around X = 0,

E

Ψ

( Ω̂11·2

Π̂ΩT,11·2Π̂′

)1/2

x−
√
T Π̂ (L′TLT )−1 L′T W̃√

Π̂ΩT,11·2Π̂′


= E [Ψ (C −X)]

= E [Ψ (C)]− E
[
Ψ′ (C)

]
× (X) +O(X2)

= E

Ψ

( Ω̂11·2

Π̂ΩT,11·2Π̂′

)1/2

z̃


− E

ϕ
( Ω̂11·2

Π̂ΩT,11·2Π̂′

)1/2

z̃

×
√T Π̂ (L′TLT )−1 L′T W̃√

Π̂ΩT,11·2Π̂′

+O

(
1

T

)

= E

Ψ

( Ω̂11·2

Π̂ΩT,11·2Π̂′

)1/2

z̃

+O

(
1

T

)
,

where ϕ(·) is the pdf of standard normal random variable. Here, the last equation holds because
Ω̂ (Ω̂11·2 and Π̂) is quadratic in W̃ , as argued in Sun, Phillips and Jin (2008, pp 186). This result
indicates that

P

(√
T (θ̂

∗
2 − θ∗0)√

Ω̂11·2
≤ z̃
)

= E

Ψ

( Ω̂11·2

Π̂ΩT,11·2Π̂′

)1/2

z̃

+O

(
1

T

)

= P

√T Π̂(µ̂GLS − µ0)√
Π̂ΩT,11·2Π̂′

≤
(

Ω̂11·2

Π̂ΩT,11·2Π̂′

)1/2

z̃

+O

(
1

T

)

= P

(√
T Π̂(µ̂GLS − µ0)√

Ω̂11·2
≤ z̃
)

+O

(
1

T

)

= P

(√
T (θ̂

∗
2,GLS − θ∗0)√

Ω̂11·2
≤ z̃
)

+O

(
1

T

)
,

which is the desired result.
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6.2 Proof of Theorem 5

Before we prove Theorem 5, we …rst provide some technical results in the following series of
Lemmas.

Lemma 8 (Beveridge and Nelson, 1981) Under Assumption 4, the process vt admits the
following decomposition

vt = C(1)εt + ṽt−1 − ṽt
for ṽt =

∑∞
j=0 C̃jεt−j , C̃j =

∑∞
s=j+1Cs, where

∑∞
j=0 ||C̃j ||2 <∞

Lemma 9 Let Assumption 4 hold. As K →∞ such that K/T → 0, we have that

i) E[Ω̂]− Ω =
(
K2

T 2

)
B + o

(
K2

T 2

)
+O

(
1
T

)
;

ii) E[(Ω̂11 − Ω11)2] =
2Ω211
K (1 + o(1)) + o

(
K2

T 2

)
+O

(
1
T

)
;

iii) E
{

(vec(Ω̂22)− vec(Ω22))(vec(Ω̂22)− vec(Ω22))′
}

= 1
K (Ω22⊗Ω22)

(
Iq2 +Kqq

)
(1+o(1))+

o
(
K2

T 2

)
+O

(
1
T

)
,

where

B =

[
B11 B12

B′12 B22

]
:= −π

2

6

[ ∑∞
h=−∞ h

2Γ11,u(h)
∑∞

h=−∞ h
2Γ12,u(h)∑∞

h=−∞ h
2Γ′12,u(h)

∑∞
h=−∞ h

2Γ22,u(h)

]
,

and Γu(h) = Evtv
′
t−h.

Proof of Lemma 9. The proofs for lemma can be proved in the same way as in Theorem 2 in
Sun (2011) and Theorem 1 in Phillips (2005), and we omit the details.

Lemma 10 Let Assumption 4 hold. As K →∞ such that K/T → 0, we have that

i) E
[
(Ω̂11 − Ω11)(Ω̂12 − Ω12)

]
= 2Ω11Ω12

K (1 + o(1)) + o
(
K2

T 2

)
+O

(
1
T

)
;

ii) E
[
(Ω̂21 − Ω21)(Ω̂12 − Ω12)

]
= (Ω11Ω22+Ω21Ω12)

K (1 + o(1)) + o
(
K2

T 2

)
+O

(
1
T

)
;

iii) E
[
(Ω̂21 − Ω21)

(
vec(Ω̂22)− vec(Ω22)

)′]
= 1

K (Ω22 ⊗ Ω12)
(
Iq2 +Kqq

)
(1+o(1))+o

(
K2

T 2

)
+

O
(

1
T

)
;

iv) E
[
(Ω̂11 − Ω11)

(
vec(Ω̂22)− vec(Ω22)

)′]
= 2

K (Ω12 ⊗ Ω12)(1 + o(1)) + o
(
K2

T 2

)
+O

(
1
T

)
;

Proof of Lemma 10. To save pages, we omit the proof, and it is available upon request.

Proof of Theorem 5.
Part i) Let

Λ̂ =
(

Ω̂11, Ω̂
′
12, vec(Ω̂22)′

)′
∈ R1+q+q2 ;

Λ =
(
Ω11,Ω

′
12, vec(Ω22)′

)′ ∈ R1+q+q2 .

Note that

Ξ−1
(

Λ̂
)

:= Ξ−1

([
Ω̂11, Ω̂12, vec(Ω̂22)′

]′)
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where

Ξ

([
Ω̂11, Ω̂12, vec(Ω̂22)′

]′)
=

( Ω11·2

Ω̂11 − Ω̂12Ω̂−1
22 Ω̂21

)
+


(

Ω12Ω−1
22 − Ω̂12Ω̂−1

22

)
Ω22

(
Ω12Ω−1

22 − Ω̂12Ω̂−1
22

)′
Ω11·2


×
(

Ω11·2

Ω̂11 − Ω̂12Ω̂−1
22 Ω̂21

)]
.

We want to …rst derive a Taylor expansion of Ξ−1(Λ̂) at Λ up to the second order, i.e.

Ξ−1(Λ̂) ≈ Ξ−1 (Λ) + ∇′Ξ−1(Λ̂)
∣∣∣
Λ̂=Λ

(Λ̂− Λ)︸ ︷︷ ︸
:=L

+
1

2
(Λ̂− Λ)′

{
∇2Ξ−1(Λ̂)

∣∣∣
Λ̂=Λ

}
(Λ̂− Λ)︸ ︷︷ ︸

:=Q

. (19)

Here, we have

Ξ−1 (Λ) =

[(
Ω11·2
Ω11·2

)
+

((
Ω12Ω−1

22 − Ω12Ω−1
22

)
Ω22

(
Ω12Ω−1

22 − Ω12Ω−1
22

)′
Ω11·2

)(
Ω11·2
Ω11·2

)]−1

= 1.

We compute the …rst derivative term evaluated at Λ in (19). With a considerable amount of
algebra, which we omit to save pages, we can obtain that

L = ∇′Ξ−1(Λ̂)
∣∣∣
Λ̂=Λ

(Λ̂− Λ)

=
1

Ω11·2
×
[
1,−2

(
Ω′21Ω−1

22

)
,
(
Ω′21Ω−1

22 ⊗ Ω′21Ω−1
22

)]
×
(

Ω̂11 − Ω11, Ω̂
′
21 − Ω′21, vec(Ω̂22)′ − vec(Ω22)′

)′
.

With a considerable amount of algebra, which we omit to save pages, we can obtain that

Q = −
2
(

Ω̂12 − Ω12

)
Ω−1

22

(
Ω̂21 − Ω21

)
Ω11·2

+
4
(
vec(Ω̂22)′ − vec(Ω22)′

) (
Ω−1

22 ⊗ Ω−1
22 Ω21

)
(Ω̂21 − Ω21)

Ω11·2

−
(
vec(Ω̂22)′ − vec(Ω22)′

)
×
{(

Ω−1
22 Ω21 ⊗ Ω−1

22

) {(
Iq ⊗ Ω12Ω−1

22

)
+
(
Ω12Ω−1

22 ⊗ Iq
)}

Ω11·2

}
×
(
vec(Ω̂22)− vec(Ω22)

)
:= Q1 +Q2 +Q3,
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Also, we have that

L = ∇′Ξ−1(Λ̂)
∣∣∣
Λ̂=Λ

(Λ̂− Λ)

=
1

Ω11·2
×
[
1,−2

(
Ω′21Ω−1

22

)
,
(
Ω′21Ω−1

22 ⊗ Ω′21Ω−1
22

)]
×
(

Ω̂11 − Ω11, Ω̂
′
21 − Ω′21, vec(Ω̂22)′ − vec(Ω22)′

)′
=

(Ω̂11 − Ω11)

Ω11·2
− 2Ω12Ω−1

22 (Ω̂21 − Ω21)

Ω11·2
+

(
Ω12Ω−1

22 ⊗ Ω12Ω−1
22

) (
vec(Ω̂22)− vec(Ω22)

)
Ω11·2

.

Now, we need to compute

E[L+Q] = E[L] + E[Q]

E[(L+Q)2] = E[L2] + small orders.

First, we have that

E[L] =
E[(Ω̂11 − Ω11)]

Ω11·2
− 2Ω12Ω−1

22 E[(Ω̂21 − Ω21)]

Ω11·2

+

(
Ω12Ω−1

22 ⊗ Ω12Ω−1
22

)
E
[(
vec(Ω̂22)− vec(Ω22)

)]
Ω11·2

.

From Lemma 9, we have that

E[Ω̂11 − Ω11] =
K2

T 2
B11 + o

(
K2

T 2

)
+O

(
1

T

)
E[Ω̂21 − Ω21] =

K2

T 2
B21 + o

(
K2

T 2

)
+O

(
1

T

)
E
{
vec(Ω̂22)− vec(Ω22)

}
=
K2

T 2
vec(B22) + o

(
K2

T 2

)
+O

(
1

T

)
,

So that, we have that

E[L] =
K2

T 2

B11

Ω11·2
− K2

T 2
×
(

2Ω12Ω−1
22 B21

Ω11·2

)
+
K2

T 2

(
Ω12Ω−1

22 ⊗ Ω12Ω−1
22

)
vec(B22)

Ω11·2
+ o

(
K2

T 2

)
+O

(
1

T

)
=
K2

T 2

1

Ω11·2

(
B11 − 2Ω12Ω−1

22 B21 +
(
Ω12Ω−1

22 ⊗ Ω12Ω−1
22

)
vec(B22)

)
+ o

(
K2

T 2

)
+O

(
1

T

)
:=

K2

T 2
B̃ + o

(
K2

T 2

)
+O

(
1

T

)
and

vec(B22)′
(
Ω−1

22 Ω21 ⊗ Ω−1
22 Ω21

)
=
(
Ω−1

22 Ω21 ⊗ Ω−1
22 Ω21

)′
vec(B22)

=
(
(Ω−1

22 Ω21)′ ⊗ Ω12Ω−1
22

)
vec(B22)

= vec(Ω12Ω−1
22 B22Ω−1

22 Ω21)

= tr(Ω12Ω−1
22 B22Ω−1

22 Ω21)

= tr(B22Ω−1
22 Ω21Ω12Ω−1

22 ),
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which leads to

E[L] =
K2

T 2

1

Ω11·2

(
B11 − 2Ω12Ω−1

22 B21 + tr(Ω−1
22 Ω21Ω12Ω−1

22 B22)
)

+ o

(
K2

T 2

)
+O

(
1

T

)
.

We now express E[Q]. Recall that

Q = −
2
(

Ω̂12 − Ω12

)
Ω−1

22

(
Ω̂21 − Ω21

)
Ω11·2

+
4
(
vec(Ω̂22)′ − vec(Ω22)′

) (
Ω−1

22 ⊗ Ω−1
22 Ω21

)
(Ω̂21 − Ω21)

Ω11·2

−
(
vec(Ω̂22)′ − vec(Ω22)′

)
×
{(

Ω−1
22 Ω21 ⊗ Ω−1

22

) {(
Iq ⊗ Ω12Ω−1

22

)
+
(
Ω12Ω−1

22 ⊗ Iq
)}

Ω11·2

}
×
(
vec(Ω̂22)− vec(Ω22)

)
:= Q1 +Q2 +Q3,

So that

E[Q] = −
2E
[(

Ω̂12 − Ω12

)
Ω−1

22

(
Ω̂21 − Ω21

)]
Ω11·2

+
4E
[(
vec(Ω̂22)′ − vec(Ω22)′

) (
Ω−1

22 ⊗ Ω−1
22 Ω21

)
(Ω̂21 − Ω21)

]
Ω11·2

− E

{vec(Ω̂22)′ − vec(Ω22)′
} (Ω−1

22 Ω21 ⊗ Ω−1
22

) {(
Iq ⊗ Ω12Ω−1

22

)
+
(
Ω12Ω−1

22 ⊗ Iq
)}

Ω11·2︸ ︷︷ ︸
:=H

×
{
vec(Ω̂22)− vec(Ω22)

}]
:= E[Q1] + E[Q2] + E[Q3],

where

E[Q1] = −tr2E
[(

Ω̂12 − Ω12

) Ω−1
22

Ω11·2

(
Ω̂21 − Ω21

)]

= −
2tr
[
Ω−1

22 E
[(

Ω̂21 − Ω21

)
(Ω̂12 − Ω12)

]]
Ω11·2

,

and

E[Q2] = tr4E

[(
vec(Ω̂22)′ − vec(Ω22)′

) (Ω−1
22 ⊗ Ω−1

22 Ω21

)
Ω11·2

(Ω̂21 − Ω21)

]

= 4tr


(
Ω−1

22 ⊗ Ω−1
22 Ω21

)
E

[
(Ω̂21 − Ω21)

(
vec(Ω̂22)− vec(Ω22)

)′]
Ω11·2

 ,
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and
E[Q3] = −tr

[
HE

{
(vec(Ω̂22)− vec(Ω22))(vec(Ω̂22)− vec(Ω22))′

}]
.

By Lemma 9, we can express the last term as

E
{

(vec(Ω̂22)− vec(Ω22))(vec(Ω̂22)− vec(Ω22))′
}

=
1

K
(Ω22 ⊗ Ω22)

(
Iq2 +Kqq

)
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
.

So that

E[Q3] = − 1

K
tr
[
H(Ω22 ⊗ Ω22)

(
Iq2 +Kqq

)]
+ o

(
K2

T 2

)
+O

(
1

T

)
= − 1

K
tr
[
H̃
(
Iq2 +Kqq

)]
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
where

H̃ = H(Ω22 ⊗ Ω22)

=

(
Ω−1

22 Ω21 ⊗ Ω−1
22

) {(
Iq ⊗ Ω12Ω−1

22

)
+
(
Ω12Ω−1

22 ⊗ Iq
)}

Ω11·2
× (Ω22 ⊗ Ω22)

=

(
Ω−1

22 Ω21 ⊗ Ω−1
22

)
× {(Ω22 ⊗ Ω12) + (Ω12 ⊗ Ω22)}

Ω11·2
.

tr
[
H̃
(
Iq2 +Kqq

)]
= tr(H̃) + tr(H̃Kqq)

= tr(H̃) + tr(KqqH̃),

and

tr(H̃) = tr

[(
Ω−1

22 Ω21 ⊗ Ω−1
22

)
× {(Ω22 ⊗ Ω12) + (Ω12 ⊗ Ω22)}

Ω11·2

]

= tr

[(
Ω−1

22 Ω21 ⊗ Ω−1
22

)
(Ω22 ⊗ Ω12)

Ω11·2

]
+ tr

[(
Ω−1

22 Ω21 ⊗ Ω−1
22

)
(Ω12 ⊗ Ω22)

Ω11·2

]

= tr

[
(Ω22 ⊗ Ω12)

(
Ω−1

22 Ω21 ⊗ Ω−1
22

)
Ω11·2

]
+ tr

[(
Ω−1

22 Ω21Ω12 ⊗ Iq
)

Ω11·2

]

= tr
[

(Ω21 ⊗ Ω12Ω−1
22 )

Ω11·2

]
+ tr

[(
Ω−1

22 Ω21Ω12 ⊗ Iq
)

Ω11·2

]

= tr
[

(Ω21Ω12Ω−1
22 )

Ω11·2

]
+ tr

[(
Ω−1

22 Ω21Ω12 ⊗ Iq
)

Ω11·2

]

=
Ω12Ω−1

22 Ω21

Ω11·2
+ tr

[(
Ω−1

22 Ω21Ω12 ⊗ Iq
)

Ω11·2

]
,
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and

tr(KqqH̃) = tr

[
Kqq

(
Ω−1

22 Ω21 ⊗ Ω−1
22

)
× {(Ω22 ⊗ Ω12) + (Ω12 ⊗ Ω22)}

Ω11·2

]

= tr

[
Kqq

(
Ω−1

22 Ω21 ⊗ Ω−1
22

)
(Ω22 ⊗ Ω12)

Ω11·2

]
+ tr

[
Kqq

(
Ω−1

22 Ω21 ⊗ Ω−1
22

)
(Ω12 ⊗ Ω22)

Ω11·2

]

= tr

[(
Ω−1

22 Ω21 ⊗ Ω−1
22

)
(Ω22 ⊗ Ω12)

Ω11·2
Kqq

]
+ tr

[
Kqq

(
Ω−1

22 Ω21Ω12 ⊗ Iq
)

Ω11·2

]

= tr
[

(Ω22 ⊗ Ω12)

Ω11·2
Kqq

(
Ω−1

22 Ω21 ⊗ Ω−1
22

)]
+ tr

[
Kqq

(
Ω−1

22 Ω21Ω12 ⊗ Iq
)

Ω11·2

]

By Magnus and Neudecker (1988), we have that

Kmn(A⊗B)Kst = (B ⊗A)

for A ∈ Rn×s and B ∈ Rm×t. Using this property, we obtain that

Iq(Ω22 ⊗ Ω12)Kqq = K1q(Ω22 ⊗ Ω12)Kqq
= (Ω12 ⊗ Ω22) ,

since Kq1 = K1q = Iq by Theorem 3.1 in Magnus and Neudecker (1988) . Thus, we have that

tr
[

(Ω22 ⊗ Ω12)

Ω11·2
Kqq

(
Ω−1

22 Ω21 ⊗ Ω−1
22

)]
= tr

[
(Ω12 ⊗ Ω22)

(
Ω−1

22 Ω21 ⊗ Ω−1
22

)
Ω11·2

]

= tr
(Ω12Ω−1

22 Ω21 ⊗ Iq)
Ω11·2

= tr
[

Ω12Ω−1
22 Ω21 × Iq
Ω11·2

]
=

Ω12Ω−1
22 Ω21

Ω11·2
q

which implies that

tr(KqqH̃) = tr
[

(Ω22 ⊗ Ω12)

Ω11·2
Kqq

(
Ω−1

22 Ω21 ⊗ Ω−1
22

)]
+ tr

[
Kqq

(
Ω−1

22 Ω21Ω12 ⊗ Iq
)

Ω11·2

]

= tr
(Ω12Ω−1

22 Ω21 ⊗ Iq)
Ω11·2

+ tr

[(
Ω−1

22 Ω21Ω12 ⊗ Iq
)
Kqq

Ω11·2

]
.
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Then,

tr
[
H̃
(
Iq2 +Kqq

)]
= tr(H̃) + tr(KqqH̃)

=
Ω12Ω−1

22 Ω21

Ω11·2
+ tr

[(
Ω−1

22 Ω21Ω12 ⊗ Iq
)

Ω11·2

]

+ tr
(Ω12Ω−1

22 Ω21 ⊗ Iq)
Ω11·2

+ tr

[(
Ω−1

22 Ω21Ω12 ⊗ Iq
)
Kqq

Ω11·2

]

=
Ω12Ω−1

22 Ω21

Ω11·2
(1 + q) + tr

[(
Ω−1

22 Ω21Ω12 ⊗ Iq
)

(Iq2 +Kqq)
Ω11·2

]

= tr

[(
Ω−1

22 Ω21Ω12 ⊗ Iq
)

Ω11·2

]
+ tr

[
Kqq

(
Ω−1

22 Ω21Ω12 ⊗ Iq
)

Ω11·2

]

= 2(1 + q)
Ω12Ω−1

22 Ω21

Ω11·2
,

where the last equation follows from Theorem 3.1 in Magnus and Neudecker (1979). Thus

E[Q3] = − 1

K
tr
[
H̃
(
Iq2 +Kqq

)]
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
= −(1 + q)

K

Ω12Ω−1
22 Ω21

Ω11·2
(1 + o(1))

− 1

K
tr

[(
Ω−1

22 Ω21Ω12 ⊗ Iq
)

(Iq2 +Kqq)
Ω11·2

]
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
= −2(1 + q)

K

Ω12Ω−1
22 Ω21

Ω11·2
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
.

Now we express E[Q1] and E[Q2]. Recall that

E[Q1] = −tr2E
[(

Ω̂12 − Ω12

) Ω−1
22

Ω11·2

(
Ω̂21 − Ω21

)]

= −
2tr
[
Ω−1

22 E
[(

Ω̂21 − Ω21

)
(Ω̂12 − Ω12)

]]
Ω11·2

,

and

E[Q2] = tr4E

[(
vec(Ω̂22)′ − vec(Ω22)′

) (Ω−1
22 ⊗ Ω−1

22 Ω21

)
Ω11·2

(Ω̂21 − Ω21)

]

= 4tr


(
Ω−1

22 ⊗ Ω−1
22 Ω21

)
E

[
(Ω̂21 − Ω21)

(
vec(Ω̂22)− vec(Ω22)

)′]
Ω11·2

 ,
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From Lemma 9,

E
[(

Ω̂21 − Ω21

)
(Ω̂12 − Ω12)

]
=

(Ω11Ω22 + Ω21Ω12)

K
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
;

E

[
(Ω̂21 − Ω21)

(
vec(Ω̂22)− vec(Ω22)

)′]
=

1

K
(Ω22 ⊗ Ω12)

(
Iq2 +Kqq

)
+ o

(
K2

T 2

)
+O

(
1

T

)
.

So we have

E[Q1] = −
2tr
[
Ω−1

22 E
[(

Ω̂21 − Ω21

)
(Ω̂12 − Ω12)

]]
Ω11·2

= −
2tr
[
Ω−1

22

[
(Ω11Ω22+Ω21Ω12)

K (1 + o(1)) + o
(
K2

T 2

)
+O

(
1
T

)]]
Ω11·2

= − 2

K

tr
[
Ω−1

22 [(Ω11Ω22 + Ω21Ω12)]
]

Ω11·2
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
= − 2

K

tr
[
Ω−1

22 Ω11Ω22

]
Ω11·2

(1 + o(1))− 2

K

tr
[
Ω−1

22 Ω21Ω12

]
Ω11·2

(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
= − 2

K

tr[Ω11Iq]

Ω11·2
(1 + o(1))− 2

K

Ω12Ω−1
22 Ω21

Ω11·2
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
= − 2

K

(qΩ11 + Ω12Ω−1
22 Ω21)

Ω11·2
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
,

and

E[Q2] = 4tr


(
Ω−1

22 ⊗ Ω−1
22 Ω21

)
E

[
(Ω̂21 − Ω21)

(
vec(Ω̂22)− vec(Ω22)

)′]
Ω11·2


= 4tr

(Ω−1
22 ⊗ Ω−1

22 Ω21

) (
1
K (Ω22 ⊗ Ω12)

(
Iq2 +Kqq

)
+ o

(
K2

T 2

)
+O

(
1
T

))
Ω11·2


=

4

K
tr

[(
Ω−1

22 ⊗ Ω−1
22 Ω21

)
(Ω22 ⊗ Ω12)

(
Iq2 +Kqq

)
Ω11·2

]
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)

=
4

K
tr

[
(Iq ⊗ Ω−1

22 Ω21Ω12)
(
Iq2 +Kqq

)
Ω11·2

]
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
=

4

K
tr
[

(Iq ⊗ Ω−1
22 Ω21Ω12)

Ω11·2

]
(1 + o(1)) +

4

K
tr
[

(Iq ⊗ Ω−1
22 Ω21Ω12)Kqq
Ω11·2

]
(1 + o(1))

+ o

(
K2

T 2

)
+O

(
1

T

)
.

By Theorem 3.1 - (xiii) in Magnus and Neudeker (1979), we have that

tr(Kmn(A′ ⊗B)) = tr(A′B),
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for A,B ∈ Rm×n and B ∈ Rm×n.Using this result, we have that

tr
[

(Iq ⊗ Ω−1
22 Ω21Ω12)Kqq
Ω11·2

]
= tr

[
Kqq(Iq ⊗ Ω−1

22 Ω21Ω12)

Ω11·2

]
=

1

Ω11·2
tr
[
Iq × Ω−1

22 Ω21Ω12)
]

=
1

Ω11·2
tr(Ω−1

22 Ω21Ω12)

=
Ω12Ω−1

22 Ω21

Ω11·2
.

Also, we have that

tr
[

(Iq ⊗ Ω−1
22 Ω21Ω12)

Ω11·2

]
=

tr(Iq)tr(Ω−1
22 Ω21Ω12)

Ω11·2

= q
Ω12Ω−1

22 Ω21

Ω11·2
.

Thus, we have that

E[Q2] =
4

K
tr
[

(Iq ⊗ Ω−1
22 Ω21Ω12)

Ω11·2

]
(1 + o(1)) +

4

K
tr
[

(Iq ⊗ Ω−1
22 Ω21Ω12)Kqq
Ω11·2

]
(1 + o(1))

+ o

(
K2

T 2

)
+O

(
1

T

)
;

=
4

K

(
qΩ12Ω−1

22 Ω21

Ω11·2
+

Ω12Ω−1
22 Ω21

Ω11·2

)
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
;

=
4(q + 1)

K

Ω12Ω−1
22 Ω21

Ω11·2
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
.

Combining these results, we have that

E[Q] = E[Q1] + E[Q2] + E[Q3]

= − 2

K

(qΩ11 + Ω12Ω−1
22 Ω21)

Ω11·2
(1 + o(1)) +

4(q + 1)

K

Ω12Ω−1
22 Ω21

Ω11·2
(1 + o(1))

− 2(1 + q)

K

Ω12Ω−1
22 Ω21

Ω11·2
+ o

(
K2

T 2

)
+O

(
1

T

)
=

{
− 2

K

(qΩ11 + Ω12Ω−1
22 Ω21)

Ω11·2
+

2(q + 1)

K

Ω12Ω−1
22 Ω21

Ω11·2

}
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
= − 2

K

{
(qΩ11 + Ω12Ω−1

22 Ω21)− (q + 1)Ω12Ω−1
22 Ω21

Ω11·2

}
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
= − 2

K

{
(q(Ω11 − Ω12Ω−1

22 Ω21) + Ω12Ω−1
22 Ω21 − Ω12Ω−1

22 Ω21

Ω11·2

}
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
= −2q

K
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
.
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We have that

E[L2] =
2Ω2

11·2
Ω2

11·2

1

K
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
=

2

K
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
.

Summing up the results so far, we have that

L = ∇′Ξ−1(Λ̂)
∣∣∣
Λ̂=Λ

(Λ̂− Λ);

Q =
1

2
(Λ̂− Λ)′

{
∇2Ξ−1(Λ̂)

∣∣∣
Λ̂=Λ

}
(Λ̂− Λ),

and

E[L] =
K2

T 2
B̃ + o

(
K2

T 2

)
+O

(
1

T

)
;

E[Q] = −2q

K
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
,

and

E[L2] =
2

K
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
;

E[Q2] = o

(
1

K
+
K2

T 2

)
+O

(
1

T

)
,

and thus

Ξ−1
(

Λ̂
)

= 1 + L+Q+ op

(
1

K
+
K2

T 2

)
+Op

(
1

T

)
.

Using this results, we have that

P
(∣∣∣t(θ̂2)

∣∣∣ ≤ z) = EG1

(
zΞ−1

(
Λ̂
))

+O

(
1

T

)
= EG1 (z (1 + L+Q)) + o

(
1

K
+
K2

T 2

)
+O

(
1

T

)
,

and we use a Talyor expansion of EG1 (z (1 + L+Q)) around z,

EG1 (z (1 + L+Q)) + o

(
1

K
+
K2

T 2

)
+O

(
1

T

)
= G1 (z) +G′1(z)zE[(z (1 + L+Q)− z)] +

1

2
G
′′
1(z)E[(z (1 + L+Q)− z)2]

+ o

(
1

K

)
+ o

(
K2

T 2

)
+O

(
1

T

)
,

= G1 (z) +G′1(z)zE[L] +G′1(z)zE[Q]

+
1

2
G
′′
1(z)E[z2(L+Q)2] + o

(
1

K

)
+ o

(
K2

T 2

)
+O

(
1

T

)
= G1 (z) +G′1(z)zE[L] +G′1(z)zE[Q]

+
1

2
G
′′
1(z)z2E[L2] + o

(
1

K

)
+ o

(
K2

T 2

)
+O

(
1

T

)
,
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and this leads to the desired result

P
(∣∣∣t(θ̂∗2)

∣∣∣ ≤ z) = G1 (z) +G′1(z)z

(
K2

T 2

)
B̃ −G′1(z)z

(
2q

K

)
+G

′′
1(z)z2 ·

(
1

K

)
+ o

(
1

K

)
+ o

(
K2

T 2

)
+O

(
1

T

)
,

which completes the proof.
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